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INTRODUCTION 

Problems  on  Diophantine  approximations  with  exponential  functions 
form  one  of  the  sources  for  the  material  presented  in  this  monograph. 

Let  g  >  2  be  a  natural  number.  Let  a  be  a  real  number,  0  <  a  <  1. 
Let  us  consider  the  sequence  of  fractions  {agxj,  x  -  1,  2,  ...  .We 
let  6  be  an  interval  on  the  segment  [01],  and  |fi|  its  length.  We  let 
Np(6)  the  number  of  fractions  (os*}.  *  -  1.  2,  . . . ,  P  lying  in  the 
Interval  6.  We  shall  say  that  a  sequence  of  fractions  {agx},  x  »  1, 

2,  ...,  is  uniformly  distributed  on  [01]  if  the  relationship 


is  valid  for  any  Interval  6. 

Let  us  consider  the  infinite  sequence  consisting  of  the  terms  0, 

1,  •  •  • »  8  ~ 

ai»  *»•<%»••••  (l) 

We  select  a  natural  number  a  and  write  a  sequence  of  s-tuples 

Let  A  be  any  fixed  a- tuple  consisting  of  the  terms  0,  1,  ...» 
g  —  1.  We  let  Np(&)  be  the  number  of  times  the  s- tuple  A  Is  encountered 
prior  to  the  Pth  term  of  the  Sequence  (2). 

We  shall  call  the  sequence  (1)  a  normal  sequence  If 


for  any  natural  number  a  and  any  s- tuple. 

We  decoupose  a  Into  an  infinite  fraction  written  to  the  base  £ 

•  -*  +  $•+ +  —  (3) 

.7 

-  1  - 

FTD-TT- 62- 1367/1+2 


A  well-known  theorem  ([1],  page  233)  states:  a  uniform  distribu¬ 
tion  of  the  fractions  {agx},  x  =»  1,  2,  ...  on  the  segment  [01]  is 
equivalent  to  the  normality  of  the  sequence 

«i.  <h.  a* .  (4) 

Problems  of  Diophantine  approximations  with  exponential  funotlons 
have  been  the  subject  of  careful  study.  One  of  the  first  results  to 
appear  was  the  theorem  stating  that  with  respect  to  the  Lebesque 
measure  for  almost  all  numbers  a,  0  <  a  <  1,  the  sequence  of  fractions 
{agx}  x  =  1,  2...  is  uniformly  distributed  on  the  segment  [01]  (see 
[2]).  Thus  the  existence  of  normal  sequences  of  digits  was  established. 

Borel  took  a  similar  approach.  Borel  ([3],  page  197)  called  a 
real  number  a,  0  <  a  <  1  weakly  normal  with  respect  to  a  base  £  (I 
have  deliberately  translated  "s implement  normal"  as  weakly  normal)  if 
the  sequence 

fli»  °».  e».  •  •  •  > 

obtained  by  decomposing  a  into  an  infinite  fraction  written  to  base  £ 
a  -  (a^/g)  +  (ag/g)  +  ...»  has  the  property  that  each  of  the  terms 
appearing  in  it  occurs  with  an  asymptotic  frequence  equal  to  1/g. 
Moreover,  Borel  calls  a  number  a  absolutely  normal  if  it  is  weakly 
normal  with  respect  to  every  natural  base  £  larger  than  unity. 

On  the  basis  of  measure  theory,  Borel  established  the  existence 
of  absolutely  normal  numbers. 

In  §6  of  the  present  monograph,  it  is  proved  that  an  absolutely 
normal  number  a  possesses  the  property  that  no  matter  what  natural 
base  £  is  used  in  the  decomposition  of  a, 

the  .suquonce  a1#  a2,  ...  will  be  a  normal  sequence  and,  consequently, 
for  a..;/  natural  g  >  2  the  fractions  {ogx},  x  »  1,  2,  will  be 
normally  distributed. 
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In  our  monograph,  the  emphasis  has  been  shifted  from  problems 
Involving  the  distribution  of  fractional  portions  of  an  exponential 
function  to  the  normal  sequences. 

Problems  associated  with  the  use  of  the  words  "table  of  random 
numbers"  or  "table  of  pseudorandom  numbers"  also  furnish  some  of  the 
material  discussed  In  this  monograph.  The  discussion  contains  the 
stipulation  that  we  are  speaking  of  a  table  that  has  no  bound  In  one 
direction,  i.e.,  we  are  concerned  with  an  Infinite  sequence  of  num¬ 
bers. 

Certain  authors  do  not  define  these  words  when  they  use  them. 
These  authors  Include  persons  concerned  with  the  practical  utiliza¬ 
tion  of  such  tables.  Kendall  and  Smith  ([4],  page  167)  In  an  article 
concerned  with  tests  for  checking  numerical  sequences  for  "randomness" 
write  that  ”...  for  the  purposes  of  this  article,  the  logical  aspect 
has  been  deemphaslzed . . .  ."  In  his  report,  Stelnhaus  [5]  notes  that 
the  words  "randoft  sequence"  are  In  dally  use  by  statisticians,  al¬ 
though  they  do  not  define  these  words.  In  particular,  such  lack  of 
precision  may  be  found  in  several  studies  dealing  with  the  Monte 
Carlo  method  ([6]  for  example). 

We  find  a  desire  to  employ  these  words  precisely  In  Venn  [7]  who 
is  of  the  opinion  that  "randomness"  should  be  defined  In  terms  of 
frequency . 

Mises  follows  Venn  ([8],  page  28).  Mises  has  Introduced  the 
word  collective.  A  collective  Is  defined  by  two  conditions  ([8],  page 
31). 

1.  The  relative  frequencies  of  any  terms  must  have  definite 
limiting  values. 

2.  The  limiting  frequency  value  of  a  term  "should  remain  In¬ 
variant  if  any  portion  of  the  sequence  is  arbitrarily  selected  and 
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Just  this  portion  is  then  examined"  (requirement  of  collective  irregu¬ 
larity)  . 

The  formulation  of  Mises'  second  condition  is  not  clear.  To  see 
how  to  give  Mises'  hints  a  precise  meaning,  see  [91,  page  2l8,  [10], 
and  [60] . 

Some  authors  departed  from  Mises  1  program  to  isolate  subsequences: 
they  remained  on  the  path  described  by  Venn  and  grouped  terms  in  the 
sequence,  studying  their  distribution.  In  particular,  this  was  the 
approach  used  by  Copeland  [11]  who  Introduced  the  concept  of  the 
admissible  number  (see  §11),  by  Relchenbach,  who  Introduced  a  concept 
Identical  with  the  concept  of  the  admissible  number  [6l],  by  A.G. 
Postnikov  and  I. I.  Pyatetskiy  [12],  who  Introduced  the  concept  of  a 
Bernoulli-normal  sequence. 

Let  there  be  given  two  positive  numbers  £  and  g  such  that  p  +  q  » 
-  1.  Consider  the  infinite  sequence  composed  of  the  symbols  0  and  1, 

*»•***•  •  •  (5) 

Let  £  be  any  natural  number.  We  write  sequence  (5)  as  a  "caterpillar." 

(****•  •  •  *•)(****•  ■  ■  »*+0  ■  •  *  (****+i . . .  M +»-i) .  (6) 

Let  A  -  6g)  be  any  s-tuple  consisting  of  the  symbols  0  and  1. 

We  let  Np(&)  be  the  number  of  appearances  of  the  tuple  A  prior  to  the 
Pth  term  of  Sequence  (6).  We  call  Sequence  (5)  a  Bernoulli-normal 
sequence  of  symbols  if  for  any  natural  s  and  any  s-tuple. 


where  ^  is  the  number  of  ones  among  the  symbols  of  A  *  (6^...  Ag). 

The  strong  law  of  large  numbers  for  stationary  random  sequences 
(see  [13],  page  417)  permits  us  to  establish,  in  particular,  this 
theorem. 

Theorem.  Let  an  unlimited  nuniber  of  Independent  trials  be  carried 
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out;  for  each  trial  the  event  designated  by  the  symbol  1  has  probabil¬ 
ity  p,  while  the  event  designated  by  the  symbol  0  has  probability  q. 
With  probability  unity,  the  sequence  of  outcomes  will  be  Bernoulll- 
normal . 

This  theorem,  In  particular,  establishes  the  existence  of 
Bernoulli-normal  sequences  of  symbols. 

In  §11  It  Is  proved  that  the  concepts  of  admissible  number  and 
Bernoulli- normal  sequence  of  symbols  are  equivalent.  The  introduction 
of  the  concept  of  Bernoulli- normal  sequences  while  making  more  precise 
the  use  of  the  term  "table  of  pseudorandom  numbers"  is  Justified  by 
the  fact  that  such  sequences  of  numbers  (or  more  general  sequences) 
are  clearly  sufficient  for  the  construction  of  a  numerical  method  of 
analysis  similar  to  the  Monte  Carlo  method,  but  yielding  a  reliable 
error  estimate  (see  [14]). 

The  reader  will  find  additional  material  on  the  problem  of  tables 
of  random  numbers  in  the  Supplement ^ ^ . 

The  concept  of  a  sequence  fully  distributed  with  respect  to  a 
function  F(x)  represents  a  generalisation  of  the  concept  of  a  normal 
sequence  of  symbols  and  the  concept  of  a  Bernoulli- normal  sequence  of 
symbols. 

Let  there  be  given  a  distribution  function  F(x) .  Consider  the 
Infinite  sequence  of  real  numbers 

*!!**•••*••••  (7) 

We  choose  any  natural  number  »  and  any  system  A  -  (a^#  . ..,  A#)  of 
Intervals  Ax  *  (a^),  ...»  Aa  -  (aaba),  whose  end  points  are  points 
of  continuity  for  the  function  7(x) ,  We  form  the  line 

(Wi'  <  •  •  •  %+i)>  •  •  •  *  (8) 

and  let  Np(A)  be  the  number  of  tuples  prior  to  the  Pth  term  of  Seqv  r  -o 
(3)  In  which  the  first  component  belongs  to  A^,  the  second  to  a^,  . . 
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and  the  sth  to  Ag.  We  say  that  Sequence  (7)  is  completely  distributed 
with  respect  to  the  function  F(x)  if  for  any  s  and  any  system  of  inter¬ 
vals  A  the  asymptotic  relationship 


lim^  -  (F(bl)-F(al))...(F(b,)-F(a,)).  (9) 

is  valid. 

A  special  case  of  this  concept  —  the  concept  of  a  completely  uni¬ 
formly  distributed  sequence  in  which  F(x)  «  x,  0  <  x  <  1  was  intro¬ 
duced  by  N.M.  Korobov  [1]  (in  another  form). 

The  concept  of  a  normal  sequence  of  symbols  is  obtained  from  this 
general  concept  when  the  sequence  consists  of  the  numbers  0,  1,  . 
g  —  1,  and  the  distribution  F(x)  equals 


0 

*<o 

g 

°<*<7 

f<*)- 

2 

1 

~<x<  — 

1  g 

i 

1  <  X. 

The  concept  of  a  Bernoulli-normal  sequence  of  symbols  Is  obtained 
from  this  concept  when  the  sequence  consists  of  the  numbers  0  and  1, 
and  the  distribution  function  F(x)  equals 


f<*)- 


0 

9 

l 


*<0 


0<*<1 

l<x. 


For  any  distribution  function  F(x)  there  exists  a  sequence  that 


is  completely  distributed  over  the  function  F(x) .  This  follows  from 
the  strong  law  of  large  numbers  for  stationary  random  sequences  ( [ 13 } » 


page  417),  which  in  this  special  case  yields  the  following  generaliza¬ 
tion  of  Qllvenko's  theorem  ([15],  page  328). 

Theorem.  Let  the  random  variable  j  have  a  distribution  function 
F(x) .  Let  us  take  an  Infinite  sample  of  this  random  variable: 


C||  tf»  |  t|4  •  •  • 


This  sequence  is  completely  distributed  with  respect  to  the  func- 
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tlon  F(x)  with  probability  equal  to  unity. 

I  next  introduce  a  concept  broader  than  the  concept  of  a  sequence 
completely  distributed  over  the  function  F(x). 

Let  there  be  given  a  random  sequence  stationary  in  the  narrow 
sense,  i.e.,  a  sequence  of  random  variables 

(10) 

such  that  for  any  set  of  natural  numbers  ^  <  ng  <  ng,  any  set  of 
intervals  A^,  A2»  . As  on  the  real  line,  and  any  natural  n 

P  (<*  €  A, . in,  €  A,)  -  P  6  A, . 6  A.) 

(P  is  the  probability). 

We  assume  that  Sequence  (10)  is  metrically  transitive  (see  [13], 

page  410) . 

Let  there  bfe  given  the  infinite  sequence  of  real  numbers 

.  (H) 

Let  us  take  any  natural  number  £  and  any  system  A  ■  (a^  ...»  As)  of 
£  Intervals  on  the  real  line.  We  write 

(•»*•>••  *»)(«*■*• ..  . .  (12) 

and  let  Np(A)  be  the  number  of  times  the  s- tuple  In  which 

t*+l€  A,, .... 

is  encountered  prior  to  the  Pth  term  of  Sequence  (12). 

The  Infinite  Sequence  (11)  Is  called  a  normal  realisation  of  a 
stationary  random  sequence  (the  term  was  proposed  by  A.N.  Kolmogorov) 
if  for  any  natural  s  and  any  system  of  Intervals  A  -  (A^#  ...,  Afl) 
the  equality 


/’(*»<:  A, . 


(13) 


is  valid. 

On  the  basis  of  the  strong  law  of  large  numbers  for  stationary 
random  sequences  (see  [13],  page  417)  a  realization  of  a  metrically 
transi'  ive  stationary  random  sequence  will  be  normal  with  probabi  *■ 
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equal  to  unity. 

„  ■»  The  problem  bf  constructing  normal  realizations  of  stationary 
random  processes  by  arithmetic  means  is  of  interest.  A  sequence  con¬ 
structed  by  arithmetic  means  is  called  a  sequence  given  with  the  aid 
of  a  primitive  recursion  function. 

Sierplnski  [16]  dealt  with  an  effective  definition  of  absolutely 
normal  numbers.  LebeBgue's  study  [17]  belongs  to  this  group  of  prob¬ 
lems. 

Champernowne  [18]  constructed  a  normal  sequence  of  symbols  (he 
constructed  a  Bernoulli-normal  sequence  with  p  «  q  -  1/2,  and  g  ■  2) . 
Other  methods  for  constructing  normal  sequences  of  symbols  have  been 
given  by  Copeland  and  Erdtts  [50]  and  Davenport  and  Erdfls  [51]. 

The  argument  used  to  prove  that  a  sequence  written  by  Champer- 
nowne's  method  is  a  normal  sequence  of  symbols  is  quite  complicated. 

A. 0.  Postnlkov  [19]  has  noted  that  the  argument  is  simplified  con¬ 
siderably  if  the  following  criteria  established  by  1. 1.  Pyat stalely  [20] 
are  used. 

Theorem.  Let  there  be  a  sequence  consisting  of  the  symbols 

0.  1...:  I, 

0|,  a„  a» .  (1*0 

such  that  there  exists  a  constant  C  >  0  such  that  for  any  natural 
number  a  and  any  s- tuple 

/■—  *  r 

Then  Sequence  (14)  is  a  normal  sequence  of  symbols. 

A.Q.  Postnlkov  and  1.1.  Pyatetskly  [12]  have  extended  Chaapen- 
nowne's  method  and  have  constructed  a  Bernoulli-normal  sequence  of 
symbols  for  arbitrary  jj.  Here  a  theorem  similar  to  the  criterion 
mentioned  tb:ve  was  used. 
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In  like  manner,  A.G.  Postnikov  and  I. I.  Pyatetskiy  [21]  con¬ 
structed  a  normal  realization  of  a  very  simple  stationary  Markov 
chain. 

Finally,  A.G.  Postnikov  and  I. I.  Pyatetskiy  [21]  also  constructed 
the  normal  realization  of  a  process  corresponding  to  a  continued  frac¬ 
tion. 

N.M.  Korobov  [1]  has  suggested  a  method  for  constructing  normal 
sequences  of  symbols*  that  is  based  on  the  utilization  of,  normal 
periodic  systems  (the  concept  of  normal  periodic  systems  was  evidently 
first  introduced  by  Martin  [22].  Yu.N.  Shakhov  [24]  used  a  generaliza¬ 
tion  of  this  concept  suggested  by  N.M.  Korobov  [23]  to  solve  the 
problem  of  constructing  a  normal  realization  of  a  very  simple  Markov 
chain  (Yu.N.  Shakhov  Imposes  stronger  limitations  on  the  transition 
probabilities  than  are  imposed  in  [21]).  We  shall  not  be  concerned 
with  the  method  of  normal  periodic  systems  in  this  monograph. 

N.M.  Korobov  [1,  25]  used  different  methods  to  construct  complete¬ 
ly  uniformly  distributed  sequences.  L.P.  Starchenko  [27]  succeeded  In 
constructing  a  completely  uniformly  distributed  sequence. 

With  the  aid  of  a  completely  uniformly  distributed  sequence,  N.M. 
Korobov  solved  the  problem  of  constructing  a  normal  sequence  of  sym¬ 
bols  [1],  and  gave  a  multidimensional  generalization  of  this  problem 
[25].  As  we  shall  show  in  this  monograph  (§17)  a  completely  uniform¬ 
ly  distributed  sequence  may  be  used  to  construct  a  sequence  that  is 
completely  distributed  with  respect  to  a  function  F(x) .** 

The  aim  of  the  present  study  is  to  examine  a  portion  of  the  ma¬ 
terial  that  has  accumulated  in  this  field  from  the  viewpoint  mentioned 
above . 

I  wish  to  thank  all  those  who  helped  me  in  this  work. 
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§1.  Normal  Sequence  of  Symbols 


Consider  an  infinite  sequence  composed  of  the  terms  0,  1,  . .., 

S  -  1* 

a  ■■  sl»s.  ^  ) 

We  take  any  natural  number  js  and  construct  a  aequenoe  of  s-tuples 

••*«)(*«**.  ••*»+»)•••  (****+i<  «•  •  •  •  (2) 

We  call  Sequence  (2)  a  caterpillar  (of  rank  s)  of  Sequence  (l). 
Let  A  *  6g)  be  any  s- tuple  (we  shall  also  use  the  word  combina¬ 

tion)  consisting  of  the  symbols  0,  1,  . ..,  g  —  1.  We  let  Np(a,  A)  or 
Np(A)  be  the  number  of  occurrences  of  the  s-tuple  A  prior  to  the  Pth 
term  of  Sequence  (2). 

Definition.  We  call  Sequence  (1)  a  normal  sequence  of  symbols  if 
for  any  natural  number  s  and  any  s-tuple  A  the  limiting  relationship 


is  satisfied. 

}2,  Champemowne 1  s  Example  of  a  Normal  Sequence  of  Terms 

Pollowlng  Champemowne  [18]  let  us  construct  a  normal  sequence  of 
symbols. 

We  let  sr  be  a  sequence  consisting  of  all  r-dlglt  numbers  written 
in  the  g  scale;  here  we  also  consider  a  combination  of  symbols  begin¬ 
ning  with  a  zero  to  be  an  r-digit  number.  We  take  the  numbers  in  their 
natural  order.  Por  example  where  g  - 

•,-oo'ono’i. 

jj-ooo’ooroio-ou’ioo’ionio’iu 

In  writing  the  sr,  we  will  place  apostrophes  between  the  r-41glt 

*  'J 

numbers,  as  shown.  Let  us  prove  that  the  sequence 
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is  normal  (since  sr  is  a  group  of  terms,  and  not  a  single  term,  the 
notation  is  symbolic) .  We  must  show  that  each  p-digit  combination  of 
symbols  (p  is  fixed)  Ap  in  the  caterpillar  of  Sequence  (l)  is  en¬ 
countered  with  an  asymptotic  frequency  l/g^ . 

We  let: 

Sr  be  the  sequence  s^Sg...  s^j 

xr  be  the  number  of  base-g  terms  in  sr; 

Xj,  be  the  number  of  base-g  terms  in  Sr; 

gr  be  the  number  of  appearances  of  Ap  in  sr; 

Qr  be  the  number  of  appearances  of  Ap  in  Sr; 

gr(x)  be  the  number  of  appearances  of  Ap  among  the  first  x  terms 
in  sr; 

6(x)  be  the  number  of  appearances  of  Ap  among  the  first  x  terms 
of  Sequence  (1) . 

Let  Ap  •  (^1^2***  ®p) * 

We  must  show  that 

OW-~  +  e  (x). 

If  Ap  enters  into  a  sequence  sr  so  that  apostrophes  do  not 
separate  its  terms,  we  shall  say  that  Ap  enters  undivided;  if  an 
apostrophe  separates  the  terms  of  Ap  we  shall  then  say  that  Ap  enters 
divided.  For  example,  when  g  -  2,  a^  -  (101)  enters  s^  undivided  in 
100 •  101'  110'  and  divided  in  110'  111. 

If  r  <  p,  Ap  cannot  be  contained  undivided  in  sr.  If  r  >  p  then 
Ap  is  contained  undivided  in  sr  exactly  (r  -  p  +  1)  gx'"*>  times.  Ac¬ 
tually,  there  are  r  -  p  +  1  ways  in  which  Ap  may  enter  undivided  into 
ari  The  first  term  of  Ap  may  be  the  first  term  of  an  r^digit  number, 
the  secor.d  term,  etc.  If  we  select  a  position  for  Ap,  we  may  take  all 
the  remaining  r  -  p  terms  arbitrarily.  Thus  Ap  is  encountered  in  rr 


-  11  - 


a  combination  undivided  by  apostrophes  exactly  (r  —  p  +  1)  g1'"*5  times. 
What  is  more,  sr  contains  gr  apostrophes.  When  an  apostrophe  is  given, 
it  cannot  separate  more  than  p  different  Ap.  As  a  result,  no  Ap  di¬ 
vided  more  than  pgr  times  can  be  found  in  s„.  Thus 

r 

*-{»•—*+ or** +o(r). 

where  r  -*  « . 


But 

.  Consequently 


x,  -  rff. 


g/  -p-  -r  o(x,). 

Moreover 


Thus 


4- +  OM,  *,-2*.. 
•-1 


0,-£  +  o(X,). 

Let  us  evaluate  g^x) .  We  assume  that  x  is  found  in  the  number 
,pr-lpr-2* *  *  pipo  of  sequence  sr.  It  Is  clear  that 

'-'SAtf+lr,  0<l«|. 

We  recall  that  Ap  In  any  r-digit  number  sr  may  occupy  r  -  p  +  1  dif¬ 
ferent  positions.  We  let  g^x)  be  the  number  of  appearanoes  of  Ap  in 
undivided  form  among  the  first  x  terms  of  sr  in  a  position  such  that 
the  first  term  of  Ap  coincides  with  the  kth  digit  of  the  nuaiber.  If 
k  >  r  —  p  +  1  such  a  position  does  not  exist  and  g^x)  •  0.  We  shall 
prove  that  where  k  <  r  -  p  +  1 

**<*)- •  o<r<i 

(for  th<?  case  k  •  1,  the  sum  vanishes). 

The  structure  of  an  r-digit  number  *r  in  which  the  first  term  of 
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Ap  coincides  with  the  kth  digit  of  this  number  may  be  represented  as 
follows: 

i—  Items1**'  ‘ '  ^  r  —  p+  1  —  A  terms’ 

We  now  count  these  numbers  up  to  (and  including)  the  number 

t  • 

Pf-l-  •  •  PrMk- 1)  Pr-k~  •  •  Pr-(*+»-l)  P» 

k  —  1  terms  ?  terms  r— p+ 1  — Jktermg. 

!)  If  1  +  Pr-ic-i^”2  +  +  pr-(k+p— 1)  >  aigP  1  +  a2gP~2  + 

+  . . .  +  dp  it  is  evident  that  the  quantity  sought  will  equal  the  amount 

of  these  numbers  up  to  and  including  the  number 

Pr-I  •  •  •  JV-U-U  —  l...g  —  r. 

It  is  clear  that  the  last  r  -  p  +  1  -  k  terms  may  be  taken  ar¬ 
bitrarily.  The  first  k  —  1  terms  may  be  selected  in 

2  P/«#“<'“*+,)  + 1 

t-r-m-u 

ways.  Thus  in  this  case  the  quantity  desired  will  equal 

2*  Pr4'-<’w**u  -r  1 )  • 
v— «*-«  / 

2)  If  +  Pr-k-a*^  +  •••  +  “MIm-p-i)  «  V-1  ♦  V*-*  + 

♦  ...  dp,  the  desired  quantity  will  equal  the  amount  of  these  numbers 

up  to  and  including  the  number 

♦ 

’Pr~l‘  •  ’Pf— <*— ®  P'-d-u  —  l*i •  -Kg —  1 .  •  .g—  1*. 

Thus  in  this  case  the  number  sought  will  equal 

s'—1-*  s  p*rr~M}- 

(f-U-U 

3)  If  Pjuc8^1  +  pr-te- 18^  +  •••  +  P^k+p-l)  *  filgP~1  +  •••  + 
dp  the  quantity  of  these  numbers  will  equal  the  number  of  numbers  up  - 

to 

’PH*  •  •  Pr-(*-pPr-i*~t)  —  lt|V  •  '^g  —  I  l 

plus  an  amount  not  exceeding  gru-(k+P-1)  since  not  all  combinations 
may  enter  into  the  last  r  -  (k  +  p  -  1)  terms.  Thus,  in  all  cases 
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frtM-f'-'W  2  I <>* 

V-r— l*-l)  / 


Moreover 


-  r-#+i  r-l*  r-#+i 

2**w-  2  2  />y-+6'  2 

*-»  i 


e-0+l 

2 


f-t 


^/"('rl-pl+O^). 


In  view  of  the  fact  that  there  are  no  more  than  O(f^)  divided 
&r,  we  obtain 

'—1 
•2< 


But 


g,(x)  -  -p-  y.  (/  +  1  —  ,)ptf  +  0  (g'y 

jc-rSp»*l+,r' 


»-l 


2  ('  +  r--*-l>*i*,  +  '2  M* 
y  -  «r«  -  — - p - “ - +  <><*')- 


f-l 


W=2 - p - + Otf)  -  o  //  2  c±17=r-]  +  0  tf)  -  octf 

“  ; 

[In  view  of  the  convergence  of  the  series  27  ]. 

/-» • 


Thus 


frW--p  +  °W  tor  r-+*>. 


Let  the  xth  term  of  Sequence  (1)  be  the  yth-  term  In  sp.  Then 

x  «  Xt~  i  +  y. 

G  (x)  -  a.-»  +  gr  (*)  +  0(1),  for  *-*  oo. 

Bence 


OW»^L+X.  +  O(|0, 

0«— p  +  «W. 


which  has  to  be  proved. 
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§3.  Application  to  uniform  Distribution  of  Fractional  Parts  of  an 
gXp0nentj&l  Function 

Let  g  >  2  be  an  integer,  and  a  a  real  number. 

Let  us  examine  the  sequence  of  fractions  {agx},  x  ■  1,  2,  ...»  P, 
...  .  Let  A  be  some  half- interval  on  the  segment  [01],  mes  6  the 
length  of  this  half  interval.  Let 


(1) 


be  a  decomposition  of  a  written  to  base  g  (we  assume  that  a  is  irra¬ 
tional,  and  thus  the  base-g  expansion  is  uniquely  determined. 

Theorem  1.  A  necessary  and  sufficient  condition  for  the  fraction 
(agx)  to  lie  on  a  half  Interval  of  the  form  S±JJ  ,  where  a  is  any 
Integer  >  1,  and  a  is  an  Integer,  0  <  a  <  8S  —  1>  a  -  djg8”*  +  . . .  + 

+  6 (0  <  6^  <  g  —  1),  is  the  presence  of  the  term  ( 6^ . . .  fi8)  at  the 
xth  position  in  the  caterpillar  of  rank  s  of  the  sequence  imif.  (2) 
Proof 


where  0  <  ©  <  1.  Thus 

0<(«*')-7<7- 

We  let  Np(6)  be  the  number  of  fractions  among  the  [ogx},  x  »  1, 

2,  . ..,  P,  lying  within  6.  We  say  that  the  sequence  of  fractions  (agx), 
x  *  1,  2,  . ..,  is  uniformly  distributed  on  the  segment  [01]  If  no 
matter  what  half  Interval  6  on  [01]  we  choose  the  number  Np(6)  satis¬ 
fies  the  asymptotic  relationship 


itm 


*><*> 


•■me*  4. 


when  P  -•  *». 

Theorem  2.  If  the  fractions  (agx),  x  -  1,  2,  ...»  where 

a  is  defined  by  Equation  (ll  are  uniformly  distributed,  then  the  br  s 
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g  terms  of  the  number  a  In  (2)  form  a  normal  sequence  of  symbols.  Con¬ 
versely,  If  Sequence  (2)  Is  a  normal  sequence  of  symbols,  then  the 
fractions  {agx},  x  -  1,  2,  . ..,  P,  where 


are  normally  distributed  on  the  segment  [01]. 

Proof.  If  the  fractions  {otgx}  are  uniformly  distributed,  then 
P*(l/g8)  +  o(P)  fractions  lie  on  any  half  interval  of  the  form 
—  —  —  I  But  by  Theorem  1,  this  means  that  any  term  (6-,60...  6.) 

Lg8  g 8  /•  12s 

is  encountered  in  the  caterpillar  P*(l/g8)  +  o(P)  times,  l.e.,  the 
sequence  Is  normal.  Conversely,  If  the  sequence  Is  normal,  i>y  Theorem 
1,  P*(l/g8)  +  o(P)  fractions  [agx],  x  -  1,  2,  ...  P  will  fall  on  any 
half  interval  of  the  type  } .  in  any  such  half  Interval  6 

Lg8  g®  / 


there  will  lie  P  mes  6  +  0[P(l/g8)]  +  o(P)  fractions  (since  2  may  be 
approximated  with  an  accuracy  of  up  to  2/g8  by  a  sum  of  such  Inter* 
vals) .  Then 


hut,  letting  s  approach  infinity,  we  can  see  that 


—  met  8, 


which  was  to  be  proved. 

Using  Champernowne • s  example  of  a  normal  sequence  of  terms,  we 
construct  a  number  a  such  that  the  sequence  of  fractions  {agx},  x  - 
-  1,  2,  ...,  is  uniformly  distributed. 

For  various  problems  in  Diophantine  approximations  with  expo¬ 
nential  functions,  see  Supplement 
$4.  Criteria  for  Normality  of  Base  Sequence  of  Terms 

Let  us  prove  the  theorem  of  1.1.  Pyatetskiy  (see  (20]). 


Theorem.  Let  there  be  a  sequence  consisting  of  the  terms  0,  1,  . . . , 
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4* 

v 


g  terms  of  the  number  a  In  (2)  form  a  normal  sequence  of  symbols.  Con¬ 
versely,  if  Sequence  (2)  is  a  normal  sequence  of  symbols,  then  the 
fractions  {agx},  x  -  1,  2,  . ..,  P,  ....  where 


a  —  • 


>!  . 


are  normally  distributed  on  the  segment  [01]. 

Proof.  If  the  fractions  (agx)  are  uniformly  distributed,  then 

P'(l/g8)  +  o(P)  fractions  lie  on  any  half  interval  of  the  form 

[~  But  by  Theorem  1,  this  means  that  any  term  &  ) 

g8  gS  r  l  2  s 

Is  encountered  In  the  caterpillar  P*(l/g8)  +  o(P)  times,  i.e.,  the 

sequence  Is  normal.  Conversely,  if  the  sequence  Is  normal,  by  Theorem 

1,  P*(l/g8)  +  o(P)  fractions  (agx),  x  -  1,  2,  ...  P  will  fall  on  any 

half  Interval  of  the  type  £-  8-t.  - in  any  such  half  interval  6 

Lg8  g®  / 


there  will  lie  P  mes  6  +  0[P(l/g8))  +  o(P)  fractions  (since  6  may  be 
approximated  with  an  accuracy  of  up  to  2/g8  by  a  sum  of  such  Inter- 
vala) .  Then 


^  *08 

but,  letting  s  approach  Infinity,  we  can  see  that 


whloh  was  to  be  proved. 

Using  Champarnowne 's  example  of  a  normal  sequence  of  terms,  we 
construct  a  number  a  such  that  the  sequence  of  fractions  {agx},  x  - 
■  1,  2,  ...,  Is  uniformly  distributed. 

For  various  problems  in  Dlophantlne  approximations  with  expo¬ 
nential  functions,  see  Supplement  ^ . 

$4.  Criteria  for  Normality  of  Base  Sequence  of  Terms 

Lot  us  prove  the  theorem  of  I. I.  Pyatetskly  (see  [20]). 

Theorem.  Let  there  be  a  sequence  consisting  of  the  terms  0,  1, 


•••> 
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8-1, 

*  ™  ^ ) 
such  that  there  exists  a  constant  C  such  that  the  Inequality 

Nr  (A) 


in^cc-L. 


X-« 


will  be  satisfied  for  any  natural  number  s  and  any  s- tuple  a  (or  As) 
consisting  of  the  terms  0,  1,  ...,  g  —  1.  Then  Sequence  (1)  Is  normal. 

We  shall  follow  the  proof  given  by  I. I.  Pyatetskly  (see  [24]). 
His  proof  yields  a  stronger  statement:  a  simpler  argument  may  be  used 
to  prove  the  validity  of  the  criteria. 

Lemma  1 .  Let  us  discuss  all  possible  1-term  combinations  of  the 
terms  0,  1,  . . . ,  g  —  1  (there  are  g-  of  them) .  Let  r  be  a  natural 
number.  The  number  of  combinations  In  which  we  encounter  any  fixed 
term  a  number  of  times  equal  to  JL(l/g)  +  x(l/r) ,  |t|  >  1  will  not 
exceed  g-(r^/4l2) . 

Proof.  The  number  of  combinations  In  which  the  term  a  is  en¬ 
countered  precisely  k  times  will  equal 

since  this  sign  may  be  arranged  ways  in  k  places,  while  the 
remaining  1  —  k  positions  may  be  filled  with  any  terms  except  a.  The 
number  sought  In  this  lemma  equals: 

•-  S  cta-i/-*-,'  2  c?(j)*(i-±y-\ 

Tula  quantity  Is  found  by  a  well-known  method.  Since  summation  Is 
carried  out  over  those  k  for  which  (rVl^)[k  -  l(l/g)  ]**  >  1, 


where 
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,  t- 1,2,  3.  4. 


Let  us  compute  s^.  We  differentiate  (with  respect  to  x)  the  Identity 


and  multiply  by  xj  we  then  obtain  the  identity 

Differentiating  this  last  identity  and  multiplying  by  x,  we  obtain 

S  KW(  1  -  j)W-  lx  ( x  +  1 /(/— 1)jc*(x+  1  -j)1'*. 

/-• 

Repeating  these  s$eps  -  " 

* 

ix(x+i  + 3/(/— Dx*(x + 1 -±y-+ 

-Si*cfx/(x+  l-i)w 

and  once  again  repeating  this  procedure  we  obtain 

lx  (x + 1  -  i)*  "*+/(/  -  1)*(*  +  1  -7)^+ 

+  W(/-l)x*(x+l-iy“V 

+  3/(/-  i)(/-2)x»(x+  l  -7)*^+ 

+  3/  (/-!)(/- 2)x»(x  +  J -iy^+ 

+ 1 (l  -  D(/-2)(i  -  3)x*(x-t-  l  -7)*"*-  S  P4x>(x  +  i  -  j)W. 

H 

Assuming  in  these  formulas  that  x  -  l/g,  we  obtain 

.  _/±. 

1  «• 

«,-/±  +  3i(/-l)£  +  /(/-l)</-2)£;  . 

+  1)0  -2)^r  + 
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0<«,T(i7  +  7/(/“1)?+6,(/”1)(i”2)F  + 

-4/«£-12/*(/-l)£-  4/*(/-l)(/-2)£  + 

+  6**pr  +6  l*(l—  l)pr~ 

4-3/ir_6p-)  = 

-  «*  S-'-tO  -  i)0 + sa-  «A(1 

Since  (l/g)[l  -  (1/g)]  <  1/4, 

which  has  to  be  proved. 

Let  the  sequence 

*-o».  at,  a„...  (1) 

satisfy  the  condition  of  the  criterion.  Ve  shall  first  show  that  the 
equality 


holds  for  the  number  of  appearances  of  any  term  a  among  the  P  term 
of  Sequence  (1)  (we  let  Np(a)  stand  for  this  number).  We  take  1^  >  1 
and  combine  terms  into  groups  of  _1  components 

a&t...at  Oi+1  . .  .0,1 . . . 

We  Introduce  the  natural  number  r.  A  system  of  1_  term  is  called 
"good"  if  the  term  a  is  encountered  In  it  a  number  of  time  JL(l/g)  + 

+  e(l/r),  |©j  <1;  the  remaining  systems  are  called  "bad."  We  let  L(P) 
be  the  number  of  good  systems,  and  M(P)  the  number  of  bad  systems  up 
to  the  1_(  P/l]-th  term  of  o 

[£-]~L(P)  +  M(P). 

The  tern  a  occurs  l{l/g)  +  0(l/r)  times  in  a  good  system,  and  01  t  < 
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in  a  bad  system.  Thus,  a  term  a  appears  up  to  the  Pth  term  of  a  a  number 
of  times 

Np(a)  -  L  (/>)!  4-  L(P)  0  L  +  +  ®./  - 

-  (f  -  M  (P)  +  6,  )  L  4.  g. _  AJ  (P)  +  6,  )  0  L  + 

_L+L0  +  M(P)(e«/-l-6i.)  + 

4-  Oa  j  +  6sfl  +  8,/. 

Here  0  <  0g  <  1  and  le^l  <  1 •  The  occurrence  of  .a  bad  system  is  the 
occurrence  of  a  bad  combination  in  the  caterpillar  of  rank  jL.  By  the 
hypothesis  of  the  theorem,  each  bad  combination  is  encountered,  when 
P  >  Pq,  no  more  than  2CP*(l/g— )  times,  and  by  the  lemma  there  are 

1  ii  p 

0[g-(r  /l  )]  possible  bad  systems  in  all.  Consequently 

/W  (P)  <  CiPg1  -jr  "  *****  T  • 

Thus,  the  term  a  appears  prior  to  the  Pth  place  a  number  of  times 

7  +  7  8  +  o(pf  +  P-7-+P-f)  +  O(0. 


Hence 


-  j | <±  +  <>(■£ )  +  0(f). 

Letting  1  -♦  »  and  r  -*  «•  we  find  that 


u« 


We  take  s  >  1  and  any  s-termed  combination  d  »  (6^...  fi#)  made  up  of 
the  symbols  0,  1,  ...,  g  -  1.  Let  us  consider  the  sequences 

•  1 

A  m*  «  »«fl|  fl|f|  •  •  •  flgg  •  •  • 

fa  a«a, . . .  0,4.* 


T*“l«  ■*  a«o»+ 1  •  •  •  0**-i  Of,  . . .  Ok. 1 . 


Bach  c;  tn<?se  sequences  may  be  considered  to  be  a  sequence  composed 
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not  of  £  terms  but  of  gs  terms,  considering  each  group  between  apos¬ 
trophes  'a^...  aic+s»i  tot>e  a  single  term;  A  is  such  a  fixed  term.  The; 
number  of  occurrences  A  among  the  [P/s]  terms  of  the  sequence  T^a  we 
call  A^P/,s^(TJa) .  Clearly 

*-*  f-l 

*/>(*)- 2  1  (T^)  +  0($). 

1-0 

For  each  of  the  sequences  T^a  the  conditions  of  the  theorem  will 
be  satisfied.  It  is  clear  that  the  conditions  of  the  theorems  will 
hold  for  these  sequences  if  they  are  considered  to  be  sequences  com¬ 
posed  of  gs  terms.  Thus 


Hence 


lim 

P-oc 


- P - 


/-  0.1 . s-l. 


_1_ 

«• 


Thus  the  theorem  le  proved. 

§5.  Application  of  the  Criterion  of  Normality  for  Sequences  of  Terms 
As  A. Q.  Postnikov  has  noted  [ 19 ] ,  using  I. I.  Pyatetskiy 's  cri¬ 
terion,  It  Is  possible  to  simplify  the  proof  that  the  Champemowne 
sequence  Is  normal. 

It  has  been  shown  that 


But 


Thus 


Let  X,<X<Xr+I. 

A  <»f  *r+i  *r 


£1<\+ iLtnci 


<l+2ff. 
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<(t  t  2g)~  • 

X-O* 

Using  the  criteria  of  I. I.  Pyatetskiy,  we  obtain 


X-KO 


This  discussion  also  indicates  that  it  is  possible  to  give  an 
arbitrary  order  to  the  r-digit  numbers  contained  in  sr  in  Champer- 
nowne's  construction,  i.e.,  it  is  not  necessary  to  use  the  natural 
order  as  Champernowne  did. 

§6.  A  Second  Definition  of  the  Normal  Sequence  of  Symbols 

We  call  the  infinite  sequence  consisting  of  terms  0,  1,  g  —  1 

weakly  normal  (I  have  deliberately  translated  Borel's  term  ([3l»  page 

193)  "slmplement  normal"  as  weakly  normal)  if  the  asymptotic  frequency 

of  occurrence  of  each  of  the  terms  0,  1,  ...»  g  —  1  -  l/g. 

The  sequence  made  up  of  the  symbols  0,  1,  .  ,.,g  —  1, 

«i.  a*.  «».•••  (1) 

is  called  weakly  normal  to  the  scale  g  (k  is  a  fixed  natural  nuJber) 
if  when  the  terms  of  the  sequence  are  combined  into  groups  of  k  mem¬ 
bers 

(a,a, . .  .  a*)(a*+iG*-n  -  •  -a**)- . .  (2) 

and  each  parenthesized  term  is  considered  to  be  a  symbol  in  the  alpha- 

If 

bet  consisting  of  g  elements,  we  obtain  a  weakly  normal  sequence. 

Definition.  Sequence  (1)  is  called  a  normal  sequence  of  symbols 
if  for  any  natural  number  k  the  sequence  is  weakly  normal  to  the 

lr 

scale  g  . 

Theorem.  The  definitions  of  normal  sequences  given  In  $§  1  and  6 
are  equivalent. 

This  theorem  is  due  to  Plllai  [30,  31].  A  qomewhat  less  complete 
result  is  given  by  Niven  and  Zuckerman  [32]  (see  [33]  *a  well).  There 
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is  a  proof  of  this  theorem  in  a  paper  by  Maxfield  t34]j  I  did  not 
understand  it,  and  have  given  another  proof. 

We  shall  prove  that  a  sequence  that  is  normal  in  the  sense  of  the 
definition  of  this  paragraph  is  normal  in  the  sense  of  §1. 

Let  A  be  a  fixed  k-term  combination  of  the  syrtbols  0,  1,  ...» 
g  —  1.  Let  A  >  k  be  an  increasing  natural  number.  We  use  all  possible 
A-tuples  consisting  of  the  terms  0,  1,  ...,  g  —  1. 

(bibt...bA). 

We  assign  the  "measure"  l/gA  to  each  such  object.  To  some 
set  £  consisting  of  the  various  A-tuples  we  assign  the  "measure"  u£, 
equal  to  the  sum  of  the  measures  of  the  objects  entering  into  the  set. 
We  write  each  A- tuple  as  follows: 

(bi • .  •  &*) (6* . . .  6*+ j) . .  .{bA-k+i  •  •  •  bA) 

and  calculate  how  many  times  the  element  A  will  be  found  In  this  se¬ 
quence.  Let  £  be  the  set  of  such  elements  in  which  A  is  encountered 
v  times. 

Lemma  (Markov) .  When  A  —  ® 

1  •  «d!i  +  2  •  t»S|  + . . .  +  (A  —  *  +  1)  •  *!*_*+,  -  A  +  0  (A). 

The  proof  may  be  found  in  [ 35  3  *  Chapter  6. 

We  let  T^(£)  be  the  number  of  occurrences  of  soms  set  of  A-tuples 
£  prior  to  the  1th  term  of  the  sequence 

*  (®i . .  <o^)  (Oa+i  ...  o%a)  ... 


Let  P-Al  +  r,  0  <  r  <  A  -  1, 

N,  (A)  -  T,  (jy  +  m  (jy  + . . .  +  (A  -  * +  1)  T,  (Sa-**,)  +  0  (ft)  +  Oft 
From  this  and  from  the  hypothesis  of  the  theorem  it  follows  that 


Epp-fl-tt). 


Letting  A  approach  •»,  we  obtain  which  was  what  we  were 

►»«  ”  f 

to  prove. 
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Conversely,  let  there  be  given  a  sequence  normal  In  the  sense 


of  §1 

fl|.  Sf*  •  •  •  a  •  •  • 

(3) 

We  combine  Sequence  (3) 

Into  terms  of  k  elements  each 

4i  •  •  •  * 

(4) 

where  .  (»1+(1_1)k. 

ak-l+(l— l)k^  * 

We  shall  prove  that  Sequence  (4)  Is  normal.  We  let  a>  -  (B,. ..  B8) , 
where  Bj^  -  i  -  1,  2,  s,  while  the  are  taken 

from  the  terms  0,  1,  . ..,  g  —  1. 

We  let  Np(co)  be  the  number  of  appearances  of  the  term  o>  prior  to 
the  Pth  term  of  the  sequence 

(5) 

We  let  A  -  (fij1)...  6(s^...6^Sh. 

It  Is  clear  that 


#,(.)<W„( 8). 


Hence 


By  the  criterion  of  §4,  the  sequence  Is  normal.  This  means  that  it  Is 
weakly  normal.  The  fact  that  k  Is  arbitrary  means  that  Sequence  (3) 
satisfies  the  definition  of  normality  given  in  this  section. 

Let  a  be  an  absolutely  normal  Borel  number  (see  the  Introduction). 
Let  the  base-g  expansion  be  as  follows: 


f  r  • 


The  base-g  decomposition  of  a  will  be 


By  the  condition  for  weak  normality  for  the  base  g*  any  combination 
(b^,..  bk)  will  be  contained  in  the  sequence 

lp*+i « .  •  *w) •  • . 


-  24  - 


with  an  asymptotic  frequency  l/gk.  This  means  that  the  sequence  &1a2 
Is  a  normal  sequence  of  terms. 

§7.  A  System  of  Mutually  Normal  Sequences  of  Terms 

We  Introduce  here  a  concept  due  to  N.M.  Korobov  ([36],  page  363) 
We  are  given  Integers  g1,  gg,  ...»  gk  larger  than  or  equal  to 
two.  We  are  given  the  system  of  Infinite  sequences  of  terms 


*i  ■  ®u  fl»t  •  •  • 

«*  "  fl*»  0*1  •  •  • 

«*•«*»***•••• 

where  the  sequence  ctj  consists  of  the  symbols  0»1» 
...»  k) • 

Let  s  £  1.  The  sequence  of  matrixes 

foit  •  •  •  au*\  \  /*!»••■ 


~ 


(1) 

1(J  -  1, 


(2) 


we  call  a  caterpillar  of  length  P  (rank  £)  of  Sequence  (1). 
We  take  any  matrix 


(*u  •  •• 


In  which  the  Jth  row  is  composed  of  the  symbols  0,1,  . ..,  gj  —  1. 
The  number  of  appearances  of  &a  In  the  caterpillar  of  length  P  of  the 
system  of  sequences  (1)  we  call  Np(h8) .  We  call  the  system  of  sequen¬ 
ces  (1)  mutually  normal  If  for  any  natural  number  s  and  any  matrix 


Um 


"rW 


P  (|iS"'ft)> 

The  theory  of  mutually  normal  sequences  of  terms  reduces  to  j| 
theory  of  normal  sequenoes  of  term. 

We  shall  consider  any  column 


a 


a 


to  be  a  single  symbol,  where 

,  . . . ,  g 


0  <  bj  <  gj  —  1,  J  »  1,  2,  ...  k.  It  Is  clear  that  gx,  gg 
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such  terms.  The  system  of  sequences  (1)  may  be  considered  to  be  a  single 
sequence 

« >■  at.  at,  at, . . . ,  ( 1 1 ) 

but  where  the  terms  are  taken  from  an  alphabet  containing  g2&2* • • 
symbols.  It  is  dear  that  the  mutual  normality  of  the  system  of  §e- 
quences  (1)  Is  equivalent  to  the  normality  (in  the  normal  sense)  of 
the  auxiliary  sequence  (l 1 ) •  Prom  this  there  follows  a  theorem. 

Theorem.  Let  the  system  of  sequences  (1)  be  such  that  there 
exists  a  constant  C  such  that 


lim 

P-»m  p 


LiiS 


natural  number  s  taken  or  for 


matrix  considered.  Then 


the  system  of  sequences  Is  mutually  normal. 


nils  Is  a  possible  method  for  constructing  a  system  of  mutually 
normal  sequences.  The  normal  sequences  constructed  of  g^. . .  g^  t*rm8 * 
Bach  term  0  <  a  <  g^...  g^  corresponds  to  a  column  of  k  rows  (the 
Jth  row  oonslsts  of  the  numbers  0,  1,  . ..,  g^)  and  the  Initial  row 
Is  expanded  Into  k  rows  by  this  correspondence. 

’  Example.  Let  gx  -  2,  gg  -  3.  We  establish  the  correspondence 

We  use  a  Champemowne  row  for  six  symbols 

rmwwoi  womw  io*  i  rir  ww  irmr  snm(  varan 

33*34 *S8’40’4r42’43'44’45'50'51  ’52’53’54’55’ . . . 


It  oorresponds  to  the  system  of  sequences 

oto*  roToo’oroo’orwor  io*  ino’ir  10'ir 

001  122000001  01 08  OS  00  00  01  01  08  OS 

00*01 *00*01  *00*01  * 10’  1 1*  10’  1 1*  10’ 1 1 *00*01 *00*01 ’ 
.  10  10  11  11  12  13  10  10  11 11  IS  IS  SOSO  SI  SI 

oo’orio’i  no*i  r  io* ... 

22  2220  20  21  31  22  ... 


The  system  of  sequences  obtained  is  mutually  normal. 
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$8.  The  Problem  of  Constructing  a  Sequence  Mutually  Normal  to  a  Giver. 
- Scque-flM - s — - * - 

The  material  presented  here  has  been  taken  from  L.P.  Starchenko 

t37,  38]. 

For  a  natural  number  g  >  2,  let  us  consider  a  normal  sequence  con¬ 
sisting  of  the  symbols  0,  1,  g  -  l, 

(1) 

It  Is  necessary  to  construct  a  sequence  of  terms 

8A  •  •  •  *  (2) 

such  that  the  system  of  sequences  (3) 

C*  •  • 

(3) 

will  be  mutually  normal. 

We  shall  first  prove  that  for  any  natural  number  u  there  Is  an 
4(b)  such  that  for  any  s-term  combination 

^  c 

r-r  ' 

provided  that  P"  >  4(8)  and  p'  -  p"  >  p* 

Actually 

**-<*.> 


r-r 


r  r  ,  r  r 


-S 


According  to  the  Cauchy  convergence  criterion  there  exists  a 
P(s,  d8)  such  that  for  every  P*  and  P"  larger  than  P(s,  4#)  the  In¬ 
equality 


(SJ  »*•{ 

r 


<T 


holds.  By  the  normality  of  the  Initial  sequence  we  have  where  P"  >  P(a.) 

B 

fcs=*<a. 
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i-,  A.. 


We  take  the  largest  of  the  numbers  P(Afl)  and  P(s,  Afl)  taken  over  all 
possible  A.  as  0(s). 

Taking  these  Inequalities  Into  account,  we  obtain 


r-r  ^  tr-r 


if  HL _ l.  i) 

I+^(V<  i  1 

fi+  r  \ 

s  U-**  + 

l  r-r) 

We  now  proceed  to  the  construction:  to  do  this  we  will  "distort" 
the  Initial  sequence  to  an  ever  greater  degree. 

In  the  first  line,  we  write  the  given  normal  sequence  (1),  and 
In  the  second  a  sequence  that  we  can  prove  is  mutually  normal  with 
respeot  to  the  given  sequence. 


M*  ■ 
M»« 


’  O-th  series 
•  •♦**>— *J 


’*♦<*>  •••••*«•  . 

*•<*+»  •  •  •  *a*e>*r*t*ui+«  •  •  •  *4*<ti+a,<«#(t)+4 . . .  «^uj  |  *"*  *  series 


**B  •  •  *•355  MBm  •  •  •  M®«  'WSm 

•  •  •  MCj+4  'irfiti 


. . .  | 


2nd  series 


where  tf(2)  -  0(2) , 

2**  <*(4«— 2^+2’*— 1  (*  -  21, . ! .). 
while  vs  is  any  natural  number  for  whloh 

♦  (2») i<  2’*lRS=i)  +  %'* -2. 

Then 

We  shall  prove  that  we  have  two  mutually  normal  sequences . 
We  take  any  k-column  matrix  (k  Is  fixed) 


MS 


Let 


X  —  2*0(2*)  4-2*— 2, 


where  v  -  0,  1,  -  1. 

We  let  Qg  be  the  number  of  times  appears  In  the  caterpillar 
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of  rank  k  of  length  X  for  the  described  system  of  sequences. 

Let  s  >  k.  -* 

Prior  to  the  number  4(2k)  -  1,  the  combination  is  encountered 
some  number  of  times.  We  let  this  number  be  L.  The  appearance  of  in 
an  s- series  Indicates  that  in  the  corresponding  positions  of  the 
caterpillar  of  rank  2s  of  the  initial  sequenoe  there  appears  one  of 
the  combinations  having  the  form 


(This  is  valid  with  the  possible  exception  of  the  last  2s  numbers  of 
the  series.)  In  each  section  separated  by  apostrophes,  such  a  combine- 
tlon  appears  less  than  (C/g  )Q  times,  where  Q  is  the  number  of  sym¬ 
bols  in  this  section;  but  the  number  of  suoh  combinations  equals 

g2(s~*),  and  thus  the  number  of  occurrences  of  Z^  will  be  less  than 
g2(s-4c)CQ/g2a  _  Cq/g2k 

p  * 

The  quantity  0(b)  appears  at  series  splices. 


s2A 


£<7+?+0(t)' 

0,  since  X  >  C2®  where  C  is  boom  constant, 


Thus 


Let 


X-m  X  f* 


Xm<P<X.J 


where  X«+t  -  2X.+ 1. 


<  .  *a*i , 

"•♦i  "«+i  *• 

~-*2whenP-*«>. 

•S 
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Since  the  criteria  tor  mutual  normality  of  the  two  aeries  have 
been  satisfied,  the  required  system  of  sequences  has  been  constructed. 

Let  us  eonstruot  an  infinite  number  of  series  mutually  normal  to 

•  *  * 

the  given  Sequence  (1).  Ve  construct  one  sequence  mutually  normal  to 
Sequence  (1) 


*Mi|  Ml 


(3) 

Sequence  (3)  Is  a  normal  sequence  In  which  the  terms  are  taken 

o 

from  an  alphabet  consisting  of  g  elements  (a  column  Is  considered  to 
be  a  term) .  Ve  construct  a  sequence  mutually  normal  to  Sequence  (3) 


and  consisting  of  g  symbols 


*i*»u*»*«i»»* 

re#  #- 


(*) 

Sequence  (4)  may  be  considered  to  be  a  normal  sequence  in  which  the 

.4 


symbols  are  taken  from  an  alphabet  consisting  of  g  elements.  Ve  con¬ 
struct  a  sequence  mutually  normal  to  Sequence  (4),  etc. 

19.  Bernoulli- Normal  Sequences  of  Tense 

Let  there  be  given  two  positive  numbers  £  and  £  such  that  p  +  q  • 
■  1.  Let  there  be  an  Infinite  sequence  consisting  of  symbols  0  and  1, 

*>•  H»  *•»  •  •  •  (1) 

Let  a  be  any  natural  number.  Ve  write  Sequence  (1)  In  the  form 

of  a  "caterpillar" 

'  (*!*>■«  **♦»)» •«*#>»■!)*♦»  *  (8) 

Let  A  •  (ft*...  6g)  be  any  s- tuple  consisting  of  the  symbols  0 
and  1 .  Ve  let  ltp(A)  be  the  number  of  ocourrenoes  of  the  tens  A  prior 
to  the  fth  term  of  Sequence  (8) .  Ve  call  Sequence  (1)  a  Bernoulli- 
normal  sequence  of  symbols  if  for.  any  natural  £  and  any  s- tuple  A  ■ 

•  ($!•..  4a)» 
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Urn  mm  piq»-t, 

where  j[  Is  the  number  of  ones  among  (fi^..,  6g). 

Let  ue  prove  the  following  generalization  of  I. I.  Pyatetskiy's 
criterion  (see  (12]). 

Theorem.  Let  the  sequence  of  symbols  1  and  0 

*  ■  *i»  *ii  •  •  • 

be  such  that  there  exists  a  constant  C  >  0  such  that  for  any  natural 
number  s  and  any  s- tuple  a  -  (6  ...  fi8)  consisting  of  0  and  1 


iim 


Nr'A) 


<cp/r~i. 


where  J  Is  the  number  of  ones  among  the  fi^g...  &8* 

Then  Sequence  (1)  Is  a  Bernoulli -normal  sequence  of  term. 

The  proof  le  similar  to  the  proof  of  the  theorem  In  $4. 

If  A  -  (&!••'  6g)  is  some  element  consisting  of  zeroes  and  ones, 
we  then  let  uA  -  p^q8-^  where  ^  is  the  nunber  of  ones  among  the  6j... 
We  will  call  the  quantity  uA  the  measure  of  the  element.  If  X  Is  some 
set  of  different  s- tuples  we  assume  that  MX  equals  the  sun  of  the 
measures  of  the  multiple-term  elements  entering  Into  the  set. 

Lemma  1.  Let  r  be  a  natural  number.  Let  £  be  the  set  of.  those 
1- tuples  In  which  the  number  of  ones  J  satisfies  the  Inequality  |j  — 
-  Ipl  >  1/r. 

Then 


As  In 


1  of  |4  we  find  that  * 


MX  and  equals 


♦ — 2*ctp*^* . 

i  • 

I*  fn:  Jm 

Carrying  through  the  procedure  useu  ' u  Lemma  1  of  §4,  we  obtain  the 
evaluation  needed. 
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Lemma  2.  Let  r  be  a  natural  number,  A  some  s- termed  combination. 
Let  1^  be  a  natural  number. 

Let  us  consider  the  ls-tuple  consisting  of  symbols  0  and  1 

(fli at ...  a, a,*, at ■) 

and  let  us  group  It  Into  s  elements  such  that  we  may  use  the  repre¬ 
sentation 

where  b^  »  (a^ic_i)s+i*  •  •  ajca)  (for  s  -  1,  both  forms  are  the  same) . 

We  let  be  the  number  of  occurrences  of  the  combination  A  among  the 

bjbg...  b8.  We  let  %  be  the  set  of  those  ls-tuplea  for  which  |a|  -  IuaI 
>  1/r  (r  Is  any  natural  number) .  Then 

Proof.  The  measure  sought  equals 

f 

Repeating  the  argument  used  to  prove  Lemma  l  of  $4,  we  obtain  the 
statement  required. 

Let  us  now  prove  the  theorem.  Let  the  conditions  of  the  criterion 

% 

be  satisfied  for  Sequence  (1).  We  group  the  terms  of  Sequenoe  (1)  Into 
£  elements 

bitbt, ... .  A». •••.  (3) 

where  bR  -  (*(n_i)8+l***  Ans^*  Pro*  the  p  terms  of  Sequence  (1)  It  la 
possible  to  form  (P/s]  terms  of  Sequenoe  (3)*  Let  us  take  a  natural 
number  1  and  group  the  terms  of  Sequenoe  (3)  into  elements  of  1.  com¬ 
ponents 

*  *  (3) 

We  select  a  natural  number  r,  and  will  cal}  an  1-term  group 
good  If  A  occurs  in  It  a  number  of  times  l[yA  +  8(l/r) ],  |p|  <  lj 
we  shall  call  It  bad  If  this  la  not  the  case.  Ve  let  K((P/s])  be  s 


■'  >1 


number  indicating  how  many  times  a  bad  group  is  found  among  the  first 
i[[P/s]/l]  terms  of  Sequence  (3).  Then  a  good  group  occurs  a  number  jf 
times 


T- «([t])  +  °(,) 

with  on  absolute  constant  in  0.  A  good  group  introduces  1[ha  +  (e/r)] 
symbols,  while  a  bad  group  yields  no  more  than  1,.  Thus  the  number  of 
times  the  term  A  occurs  prior  to  the  [P/s]  position  in  Sequence  (3) 
is 


(.)  -  /  + i)  (i  _  M  ( [i] )  +  0(1) ) + a,  M  ( [£■] )  +o  n 

where  0  <  <  1,  0(1)  occurs  owing  to  the  fact  that  there  possibly  is 

i 

an  Incomplete  group  and  thus  there  is  an  absolute  constant  in  0.  Eaoh 
bad  combination  belongs  to  a  system  JR;  thus 


M 


<Sfc 


But  when  P  >  Pq  by  hypothesis 

Moreover,  by  Lemma  2,  u3t<  rV^l2.  Consequently  when  P  >  PQ 

^ «  - f  (l*  +  7)  +  0 (/>£•)  +  1 0 (1) . 


Tim 


<*) 


p 

* 


<7+0(T) 


When  1  approaches  infinity  we  obtain 


When  r  approaches  infinity  we  obtain 
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Ve  let  T^a,  J  -  1,  2,  . .., 


< 

e  —  1  be  the  sequences 

T**  “  *i+/.  »*+/••»+/.•  •  •  (^) 

Ve  have 


afe..  . 


But  It  is  clear  that 


2  il[' 1(1*4  + OR. 

/-* 


And  from  this  It  follows  that 


fMa  P  • 

which  was  what  we  were  to  prove. 

Ve  need  a  concept  that  is  more  general  than  the  ooneept  of  a 
Bernoulli-normal  sequence  of  terns. 

Let  there  be  given  £  positive  numbers  pQ,  ...  p^j  let  Pq  +  Pi  + 

+  .*.  +  Pg.j,  ■  1. 

Let  ua  consider  an  s-tuple  made  up  of  synbols  0,1,  . ..,  g  —  1, 

A  *  •  i|) • 

Ve  let  (id  be  the  quantity  pfil. . .  pa#.  It  la  olear  that 

where  the  sum  In  the  left  side  extends  over  all  s- tuples. 

Ve  oall  the  sequence  oonposed  of  the  terns  0,  1,  ...»  g  -  1, 

At(k»<  (5) 

abnormal  realisation  of  Independent  trials  If  for  any  £  and  any  com¬ 
bination  a  the  relationship 


holds . 


The  criteria  are  valid. 

Theorem.  Let  Sequence  (5)  be  such  that  there  exists  a  constant  C 
such  that 


isr 


for  any  conciliation  of  any  length.  Then  Sequence  (5)  Is  a  normal  reali¬ 
zation  of  Independent  trials. 

The  proof  generalizes  In  obvious  manner  the  proof  of  the  criterion 
for  Bernoulli-normal  sequences  of  symbols. 

§10.  Construction  of  a  Bernoulli- Normal  Sequence  of  Symbols 

Here  we  present  the  construction  of  a  Bernoulli- normal  sequence 
of  symbols  given  by  A.O.  Postnlkov  and  I. I.  Pyatetskly  (see  [12]). 

We  use  an  Idea  due  to  Champernowne  [18], 

Let  £  (aa  before)  be  the  probability  for  the  ooeurrence  of  an 
event  In  each  trial.  We  take  any  sequence  of  rational  numbers  ap/Bp 
such  that 

Such  a  sequence  exists  for  any  p,  0  <  p  <  1*  if  £  is  a  rational  num¬ 
ber,  p  -  a/p,  we  then  slngply  take  ar  ■  a,  Br  ■  0  for  any  r. 

We  let  sp  be  the  sequence  of  all  r-dlglt  numbers  in  the  binary 
system;  a  number  In  which  a  one  Is  encountered  v  times  and  a  zero, 
consequently,  r  —  v  times  will  be  repeated  o£(Br  —  <*r)r-v  times.  We 
will  separate  the  numbers  by  apostrophes .  For  example  let  a^.  »  2, 

Bj  -  3.  Then 

fi «  ooo’ooi'ooroio’oio’oiroi  i*oiroir  ioof  loo’iorior  lononunio 
iKnioMinirumniriiriinir. 


® 

is  Bernoulli- normal.  To  do  this  we  must  show  that  any  s-termed  com¬ 
bination  in  which  there  are  v  ones  is  encountered  with  an  asymptotic 

V  g _ V 

frequency  p  q  .  In  accordance  with  the  criterion  it  is  sufficient 
to  show  that  there  exists  an  absolute  oonstant  C  (independent  of  a) 
such  that 

We  let  xr  be  the  number  of  terms  in  sr,  Sr  the  sequence  s^g... 

sr,  Xr  the  number  of  terms  in  SpfXj,  “  xi  +  *2  +  . ..  +  x  ),  &r  the 

number  of  occurrences  of  A„  in  s„,  and  0_  the  number  of  occurrences 

s  r  r 

of  Afl  in  Sf.  Let  us  calculate  xz>.  The  number  of  r-dlgit  numbers  in 
which  a  one  is  encountered  k  times  will  equal  c£;  each  number  will  be 
repeated  ap(Pr  -  or)r“v  times.  Thus,  there  will  be 

r-dlglt  numbers  in  sp,  and  xp  -  rBp  terms. 

In  sp  the  d8  may  or  may  not  be  separated  by  an  apostrophe.  If 
r  <  s  then  A#  cannot  be  contained  undivided  in  sp.  If  r  >  s,  A#  is 
contained  undivided  in  sp  exactly 

times.  Actually,  there  exist  r  -  s  +  1  ways  in  which  A#  can  occupy 
an  undivided  position  in  an  x^dlgit  number  (the  first  symbol  of  A. 
may  coincide  with  the  first  term,  with  the  second  term,  ...,  with  the 
r  -  s  +  1-th  term  of  the  ivdlglt  number) .  A.  occupies  s  places  in  this 
number,  and  in  the  remaining  r  -  s  places  we  may  plaoe  f  ones  (0  <  f.< 
<  r  -s)  in  c£_g  ways,  while  the  remaining  places  are  filled  with 
zeroes.  Such  an  r-dlglt  number  must  repeat  op+f(3p  -  °P)r’"V""f  times 
(to  it  we  add  v  ones  from  Afl  and  f ) .  Thus,  Ag  is  contained  undivided 
in  ap  exactly 
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(r  —  s  -f  1)2  c'-  *?'  —  a'Y — '  - 

/-o 

-  (r  -  *  +  IK  <P,  -  S  (?,  -  '  - 

/-o 

-  (r  -  5  +  1) (P,  —  «,)•- 

times.  sr  contains  p£  apostrophes.  A  given  apostrophe  cannot  separate 
more  than  s  different  Thus  is  contained  divided  no  more  than 
0(e£)  times  (£  is  introduced  into  the  symbol  0  since  s  does  not  in¬ 
crease)  . 

Thus, 


Since 


Then 

Further 


sro 


Br-x,prq‘-’-ro(x,). 


Or*"  ^  St  +  0 (r).  A,  —  Xr. 

*-»  *  -i 

We  obtain 

lim  ~  »  frq'-\ 

f«*«*  A, 

Let 

•Vf—i  ^  P  ^*\f* 


then  Hp(As)  <  Or  and  (r  -  l)p£j  <  X^. 

Moreover,  Xp  -  +  rp£.  From  this  it  follows  that 

±<JL.  »  - ( t + jL) j-</ 1 4 _J!L,U 

while  ;  lnce  *  1  4  0(l/r), 
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T<ci* 


W ~~  <  C  lim  £  -  Cff 

The  criteria  are  satisfied  arvd  our  statement  is  proved. 

11.  Relationship^ of  the  Concepts  of  Bernoulli-Normal  Sequence  of 


fri ;  y-MliT-  }j  ft  utm; 


A.  Copeland  [14]  has-  introduced  the  notion  of  an  admissible  num¬ 
ber.  Let  there  be  two  positive  numbers  £  and  £  such  that  p  +  q  -  1. 
Consider  the  infinite  sequence  formed  of  the  symbols  0  and  1, 

*#»  •  •  •  •  (^) 

This  sequence  is  called  an  admissible  number  if  for  any  natural  num¬ 
ber  m  and  for  any  different  nonnegative  Integers  r1#  rg,  . ..,  r>:  less 
than  m  the  sequence 

(2) 

**>"•  en  -  WjWrj-  wk  <  »  -  *•  •••>  **» 

property  that  the  relative  frequency  with  which  a  one  appears  In 

Sequenoe  (2)  approaches  p  when  n  -*  ». 

Let  us  prove  a  theorem. 

Theorem.  The  notion  of  a  Bernoulli-normal  sequenoe  of  symbols 


is  coextensive  with  the  notion  of  the  Copeland  admissible  number. 


Proof.  Consider  the  Bernoulli-normal  sequence  of  symbols 

Ve  take  arbitrary  m  and  combine  the  symbols  in  Sequenoe  (1)  into 
groups  of  m  components 

«».  «t.  . .  W 

where  at  -  (*nt,  . ..,  cmt+n_i) »  t  -  0,  1,  ...  .  The  terms  of  Sequence 

(2)  are  taken  from  an  alphabet  containing  2*  elements. 

Ve  shall  prove  that  Sequence  (2)  is  a  normal  realisation  of  in¬ 
dependent  trials  in  which  p^  -  »tbi  (the  b^  range  over  all  possible  »- 
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tuples  consisting  of  the  two  symbols  0  and  1;  i  -  1,  2,  . ..,  2ra) . 

Let  a)  -  cg)  where  -  (d^...  d^[),  and  the  dj1^  are  taken 

from  an  alphabet  consisting  of  the  symbols  0  and  1.  We  let  Np(a>)  be 
the  number  of  occurrences  of  cd  prior  to  the  Pth  position  of  the 
caterpillar  of  Sequence  (2).  We  let  fl  =  (dj^...  d^1)...  d[8)...  d^8) ) . 
We  let  Nx(fl)  be  the  number  of  occurrences  of  fl  prior  to  the  Xth 
position  of  Sequence  (1).  It  is  clear  that 

ff,W<JV,„( Q). 

Hence 

lim  Np ^  —  <  mKt 

P-~m  p 

This  means,  according  to  the  criterion,  that  Sequence  (2)  la  a 
normal  realization  of  Independent  trials.  From  this  it  follows,  in 
particular,  that  if  a>  ■  c  ■  (60***  5m-l^  where  among  the  4a-l 

there  are  £  ones  and  m  —  J  zeroes, 

(3) 

Let  <  r2  <  . . .  <  r^  be  nonnegative  Integers  less  than  m.  The 
quantity  £n  constructed  for  Sequence  (1)  equals  1  if  and  only  if  there 
are  ones  at  the  r^-th,  . ..,  r^-th  positions  of  the  element  aR  [of 
Sequence  (2)].  We  let  £  be  that  set  of  m-tuplee  £  consisting  of  sym¬ 
bols  0  and  1  for  which  there  are  ones  at  positions  r^,  ...,  r^. 

In  view  of  Equation  (3)  Sequence  (2)  possesses  the  property  that 
the  relative  frequency  of  occurrence  of  z  in  it  approaches  p  .  But 
this  is  the  definition  of  an  admissible  number. 

Let  there  be  given  an  admissible  number 

(4) 

We  div'.de  Sequence  (4)  into  sections  of  length  k 

(*•*!••  •**■•)(«*• . .**»-•)••  • 
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Let  z  be  some  set  of  k-tuples  characterized  by  the  fact  that  at  spe- 
ciflc  positions  there  are  a  ones  for  the  elements  z,  while  there  are 
0  zeroes  at  specific  positions  (o  +  0  <  k) .  We  let  T1  (2)  indicate  the 
number  of  times  the  set  £  is  encountered  prior  to  the  1th  position  of 
Sequenoe  (5).  it  la  easy  to  establish  (by  induction  with  respeot  to  0) 
that  for  an  admissible  number 

t2--"*  («> 

Let  A  be  a  fixed  k- termed  combination  consisting  of  symbols  0  and  1. 
Let  A  >  k  be  an  increasing  natural  number.  We  take  all  possible  A- 
tuples  consisting  of  the  symbols  0  and  1, 

•  •  •  •  ta)- 

Bach  auoh  element  is  assigned  a  measure  p^q*"^,  where  ^  is  the  number 
of  ones  among  the  terms  bj...  bA.  To  some  set  0  of  different  A- tuples 
we  assign  the  measure  uo»  equal  to  the  sum  of  the  measures  of  the 
elements  entering  into  It. 

Let  us  ealoulate  how  many  times  A  Is  contained  in  the  sequenoe 
■*  l!  (7) 

We  let  oy  be  the  set  of  those  A-tuples  for  which  A  Is  contained  In 
Sequence  (7)  v  times. 

Lemma  (Markov) .  When  A-*» 

2  V*.- ^  **"•*  + oCAl, 

•  *-I 

where  a  Is  the  number  of  ones  in  A. 

Proof.  (See  [35)»  Chapter  6.) 

Let  P  -  Al+r,  0  <  r  <  A  —  1, 

4*MI 

W-  2  >riW+0(4)+0(r). 

*-»  . 

In  vie*  of  Equations  (6)  and  (8)  we  obtain 
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When  A  approaches  «,  we  obtain 

4 

which  Is  what  we  were  to  establish. 

§12.  Completely  uniformly  Distributed  Sequence^  *  ‘ 

Let  £  be  a  natural  number.  Consider  the  sequence  of  points 

Li. L|,  •  •  •  •  Lp .  (l) 


lying  In  a  unit  cube  of  the  s- dimensional  space 

Lp  ™ 

Let  be  any  parallelepiped  lying  In  a  unit  cube  with  edges 

parallel  to  the  coordinate  axes.  We  let  |aJ  be  Its  volume.  We  let 
Np(A8)  be  the  number  of  points  in  Sequence  (1)  with  numbeirs  that  do 
not  exceed  P,  and  which  lie  in  as. 

We  say  that  the  sequence  (1)  Is  uniformly  distributed  In  a  unit 
cube  of  an  s- dimensional  spaoe  if  for  any  parallelepiped  the  rela¬ 
tionship 


r 


141. 


(2) 


holds. 


If  s  -  1,  we  shall  then  say,  as  previously,  that  the  sequence  of 
numbers  is  uniformly  distributed  on  the  segment  [01]. 

N.N.  Korobov  (1]  has  Introduced  the  concept  of  a  completely  uni¬ 
formly  distributed  sequence. 

Consider  an  Infinite  sequence  of  numbers  from  the  segment  [01] 

**•*»•••«•••  (3) 

We  choose  any  natural  number  a  and  form  the  sequence  of  points  In 
an  a-dlmenslonal  unit  oube 

(4) 

The  Sequence  (3)  la  called  completely  uniformly  distributed  if 
for  any  natural  number  a  the  sequence  (4)  is  uniformly  distributed 
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a  unit  cube  of  s- dimensional  space. 

More  precisely  speaking,  H.M.  Korobov  has  introduced  an  equiva¬ 
lent  definition,  e.g.j 

The  sequence  of  real  numbers  (3)  is  called  completely  uniformly 
distributed  if  for  any  natural  number  ±  and  any  set  of  Integers  n^,  ..., 
m#,  differing  from  0,  0,  ...,  0  the  sequence 

Pi*  P»*  P» .  ( 5) 

where  0^  ■  (m^  +  ...  +  m8ai+8_i)i  i  ■  1,  2,  111,  is  uniformly  dis¬ 
tributed  on  [01]  (  0  indicates  a  fraction). 

The  equivalents  of  these  definitions  follows  from  the  following 
criteria  for  uniform  distribution  due  to  Weyl  [2]. 

Lemma.  Por  the  sequence  of  points 

(jcJ'*...**0),  /- 1.2, . 1-1; 

to  be  uniformly  distributed  in  a  unit  cube  of  an  a-dlmenalonal  space. 

It  Is  necessary  and  sufficient  for  the  oondltlon 

/-l 

to  be  satisfied  for  any  set  of  integera  m^.  s^,  w*  different 
from  the  set  0,  0,  ...»  0. 

In  the  next  paragraph  we  shall  con¬ 
struct  a  completely  uniformly  distributed 
sequence,  and  thus  establish  lta  existence. 

By  definition,  any  completely  uniform* 
ly  distributed  sequence  is  uniformly  dis¬ 
tributed  on  the  segment  [01]  (s  -  1). 

There  exist  sequences,  however,  that  are  ’ 
uniformly  distributed  on  [01]  and  that  are 
not  completely  uniformly  distributed!  for 
example,  let  g  >  2  be  a  natural  number)  we  seleot  a  real  number  o  suoh 
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that  the  fractions  ( ogx }  are  uniformly  distributed  (we  have  construct¬ 
ed  such  an  a  In  this  study.  Consider  the  sequence  of  points  In  a  unit 
square:  (jagx),  fag*4-1}),  x  ■  1,  2,  ...  .  In  view  of  the  self-evident 
relationship  {ogx+1|  '■  { (agx)g)  we  find  that  the  points  ({agx}„  { agx+1l1 ) 
are  located  within  the  unit  square  only  on  the  lines  drawn  (Fig.  l), 
i.e.,  the  sequence  of  points  Is  not  uniformly  distributed  within  the 
unit  square  and  what  Is  more,  the  sequence  {aga},  x  ■  1,  2,  ...,  Is 
not  completely  uniformly  distributed. 

§13.  Construction  of  a  Completely  uniformly  Distributed  Sequence 

There  exist' several  methods  for  constructing  completely  uniform¬ 
ly  distributed  sequences. 

The  first  example  was  proposed  by  N.M.  Korobov  [1].  In  this 
example,  the  sequence  Is  given  as  a  sequence  of  fractions  of  some 
integral  function  whose  argument  runs  through  Integral  values.  The 
Integral  function  Itself  Is  given  with  the  aid  of  a  specially  con¬ 
structed  power  series.  The  proof  that  the  sequence  obtained  Is  c com¬ 
pletely  uniformly  distributed  makes  use  of  an  evaluation  of  trigono¬ 
metric  stuns  with  polynomials,  and  Is  quite  complex.  In  [25],  N.M. 
Korobov  gave  another  method  for  constructing  a  completely  uniformly 
distributed  sequence:  the  sequence  Is  defined  as  a  sequence  of  frac¬ 
tions  {a(x)qx }  where  x  -  1,  2,  ...,  and  £  Is  an  Integer  >  2,  a(x)  is 
a  specially  constructed  Integral  function.  A  simpler  technique  than 
that  used  In  [1]  Is  used  to  prove  that  the  sequence  constructed  Is 
completely  uniformly  distributed;  this  construction,  however,  cannot 
be  considered  to  be  simple. 

The  construction  presented  below  was  carried  out  by  L.f.  Stare henko 

[871. 

This  construction  Is  technically  slsple,  but  it  Is  based  on  a 
profound  property  of  transcendental  numbers.  L.F.  Starchenko  [37]  be 
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given  still  another  construction  for  a  completely  uniformly  distribu¬ 
ted  sequence.  We  shall  discuss  this  method  In  §15  of  this  monograph. 

3 

Let  pr  —  r-e  be  a  prime  number.  We  let  n^  »  [e^-in  ^  ]  +  1,  k  ■ 

■  1,  2,  ....  We  consider  the  sequence  of  real  numbers 

{In2}.  {2 In 2} . («,ln2).  (tn2),  |ln3> . (n,ln2>.  h) 

In 3}.  (In  2),  {In 3) . {ln/>,> . {«,ln2> . («,lnp,)... 

We  designate  this  sequence  as 

*ii  •».  '•*. .... 

Theorem.  Sequence  (1)  Is  completely  uniformly  distributed. 

'  Proof.  Let  a  be  a  fixed  natural  number,  ...»  mg  be  integers 
not  all  equal  to  zero  and  m  -  maxf?^,  . ..,  m#) .  Consider  the  trigo¬ 
nometric  sum 

i-i 

We  let  Tj  •  n^  +  2ng  +  . . .  +  Jn^ .  Let 

T, + 1(3  + 1><  P  <  T„  +  <x  +  l)C*  + 1). 

We  write  the  sum  In  the  form 


\s\<  + 

+  2  [Isf  2  «•****  )  + 

/-►*•»  1 1/-»\  r-»  / 

I 

+  2)  + 


+  0(1) 


V 

+ 

2 

i-i 

+  2 

0(i)  |L 

Since  s  is  fixed,  the  first  sum  is  0(1).  We  now  ohange  the  order 
of  summation  over  the  Indloes  £  and  £.  it  is  possible  to  make  use  of 
the  well-known  condition 
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ft 

2<w" 
M-  Pt 


where  (a)  is  the  dletanee  of  a  to  the  nearest  Integer 

*♦»  //-»+j 


*+i 


V  1  _ 

rr-*‘7/-,(l'">ln  Pr+“-  +m/-r+i ln  Pj\  l+U  +  1)  In  H - jr.  In  4 

+  om 


We  shall  ln  addition  require  the  following  lemma,  which  gives  a 

i 

quantitative  result  of  the  well-known  fact  that  numbers  of  the  form 
ea  are  irrational,  where  a  is  an  Integer  [26). 

Lemma  1.  Let  f,  f1#  and  a  be  Integers,  f  >  f^  >  1,  a  <  2  In  f ,  m  - 
-  [10  In  f],  n  -  [3  In  (m  +  1))  +  1.  Then 

l  to  -j-  a  |  > 

An  obvious  consequence  of  this  lemma  Is  Lemma  2: 

Lemma  2.  Let  f  /  f1>  f  and  be  natural  numbers.  Let  H  -  max 
(f ,  fj) .  There  exists  a  constant  c  >  0  such  that 

(toT)>TBr»r* 

Let 


Then 

"<rp. 

It  is  known  that  Pj  <  J  In  J  and  thus  H  <  J2**.  Henoe  (e1#  o8,  e^, 
c^  are  positive  constants) 

*41 

<S)  <  2 /** + 0  (A) 

l-l 

But  P  >  n,.  >  e^in  k)3.  Therefore 

4 

|5|  <#».•*■» 

By  the  Weyl  criterion,  Sequence  (1)  Is  completely  uniformly  dis¬ 


tributed 


*5 


'■-wta 
1  ■$! 


§14.  N.M.  Korobov's  Theorem 

N.M.  Korobov  (see  [1],  page  217)  has  proved  the  following  theorem. 
Theorem.  If  a  sequence  of  real  numbers  from  the  segment  [01] 

*i,  ,«*  (l) 

Is  completely  uniformly  distributed,  then  a  sequonoe  of  the  first  base- 
g  terms 

J»  [**S\ .  l>  •  •  •  (2) 

Is  a  normal  sequence  of  terms  0,  1,  ...,  g  —  1. 

Proof.  In  fact,  for  any  natural  number  £,  the  presence  of  the  com¬ 
bination  a8  -  6b)  In  the  caterpillar  for  Sequence  (2)  Is 

equivalent  to  the  faet  that  the  elements  of  the  corresponding  term  In 
the  caterpillar  for  Sequence  (1)  will  fall  within  the  Interval 
6i+i\ 

1  -  1,  2,  ...,  a.  Since  Sequenee  (1)  Is  completely  uniform- 
ly  distributed. 


l.e.,  Sequence  (2)  is  normal. 

Remark.  Since  there  exist  methods  for  constructing  completely 
uniformly  distributed  sequences,  X.M.  Korobov's  theorem  yields  methods 
for  constructing  normal  sequences  of  symbols. 

§15.  The  Converse  of  X.M.  Korobov's  Theorem 

L.P.  Stare henko  has  proved  the  statement  that  la  the  oonverse  of 
X.M.  Korobov's  theorem  [37*  38]. 

Let  g  >  2  bens  natural  number,  and  * 

•».  %»•••  (1) 
be  a  given  normal  sequence  composed  of  the  symbols  0;  1,...,  g  —  l.- 
Using  the  method  given  in  |8,  we  construct  an  infinite  number  of 
sequences 
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(2) 


(3) 


(i  »  1,  2,  3»  . ..)  such  that  for  any  natural  number  1  the  system  of 
sequences 

*!•  N*  *!»•«• 

Jl>  JU  JO 
•i  »  H  »  •»•••• 

J/-1>  o  ji-o  * 

•X  t  M  •  •••• 

is  mutually  normal. 

Theorem.  The  sequence  of  real  numbers 

®|s  %•  *•#  •••  I 

where  -  0,  tjsJ1^2*...  [i.e.#  -  (tj/g)  +  (aj^/g2)  +  ...3  Is 

a  completely  uniformly  distributed  sequence. 

Proof.  By  the  definition  of  completely  uniformly  distributed  se¬ 
quence,  it  is  necessary  to  show  that  for  any  natural  number  •,  the 
sequence  of  points 

Of  Q».  .  (4) 

where 

•-3*—  (•».  •*+«,..»  ,*>»«- 1)» 

is  uniformly  distributed  in  an  s-dlmenslqnal  unit  cube. 


We  take  an  arbitrary  natural  number  1^  and  consider  the  sequence 
of  points 

<t.  QT.  .  (5) 

where  ,  *4^*  o^Pe-l)'  while  the  number  o^  is  de¬ 

fined  as  follows: 

•p-o, 

Since  the  system  of  sequences  (2)  is  mutually  normal,  every 
possible  point  In  Sequence  (5)  will  be  encountered  with  an  asymp¬ 
totic  frequency  of  l/giB. 

But  when  we  find  a  point  Q|^»  It  means  that  the  corresponding 

;:ir.t  falls  within  a  cube  defined  by  the  system  of  inequalities 

o.  »<*p...«,/-u<<**r<o, *— o,  i . s-i.  (s; 
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Hi 


Thus,  the  number  of  times  that  points  of  Sequence  (4)  fall  within 
any  cube  of  the  form  (6)  will  have  an  asymptotic  frequence  of  l/g— 8 , 
i.e.,  it  will  equal  the  volume  of  cube  (6).  Since  any  parallelepiped 
lying  within  a  unit  cube  of  s- dimensional  space  may  with  any  degree  of 
aoouraey  be  approximated  by  oubea  of  the  form  (6)  (taking  large  enough 
l)  the  theorem  is  proved. 

§16.  A  Sequence  Completely  DistributedjOver  the  Function  F(x) 

Let  there  be  given  a  distribution  function  P(x) .  We  associate 
the  distribution  function  F(x)  and  the  measure  u  on  a  line  that  is 
also  in  an  s-dlmenslonal  arithmetic  space,  as  follows:  the  measure  of 
the  segment  A  -  [x^Xg],  where  x1  and  Xg  are  points  of  continuity  of 
the  function  F(x)  equals  uA  -  F(xg)  —  F(x1) ;  if  As  is  a  parallelepiped 
in  s-dlmenslonal  space  whose  projections  on  the  coordinate  axes  are 
the  segments  A^,  . ..,  with  ends  that  are  points  of  continuity 
of  the  function  p(x),  then 

^a,-i*a«u...haw. 

Consider  the  sequence  of  real  numbers 

*»•***■••••  •**•••  •  (l) 

We  take  a  natural  number  s  and  form  the  sequence  of  tuples 

(*t  (2) 

We  write  Sequence  (2)  as  a  sequence  of  points  In  an  s-dlmenslonal 

arlthmtlo  space 

.  (2‘) 

where  ■  (o^»  •••*  >  1  ■  2...  • 

We  shall  henceforth  let  Aa  stand  for  the  parallelepiped  A,  - 
-  (A^1)...  A(8))  In  an  s-dlmenslonal  arithmetic  space  suoh  that  the 
ends  of  the  Interval  A^,  ...»  A^  are  points  of  continuity  for  the 
function  F(x) . 

We  let  Hp(As)  be  the  number  of  points  in  Sequenoe  (2)  prior  to 
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the  Pth  number  that  lie  within  As . 

We  call  Sequence  (1)  completely  uniformly  distributed  over  the 
function  7(x)  If  for  any  natural  number  £  and  any  parallelepiped 

Special  cases: 


1)  Let 


*  <6. 


7  °<x<7. 

•  •  •  •  • 

i  *—i 


<*• 


If  Sequenoe  (1)  consists  of  the  numbers  0,  1, 
normal  sequence  of  terms. 

2)  Let 


0  x<0. 

f(x)«  *  0<*<l, 
I  l<x. 


•••  • ) 


g  -  1,  this  Is  a 


If  Sequenoe  (1)  la  made  up  of  real  numbers  taken  frost  the  segment  [01], 
then  the  sequence  is  completely  uniformly  distributed  on  the  segment 
[01]. 

3)  Let  there  be  given  two  positive  numbers  £  and  £  such  that 
p  +  q  •  l  and 


0 

F(x)- *  0 
1  t 


x<0. 
«<*<!. 
<x. 


(3) 


Let  Sequence  (1)  be  composed  of  the  numbers  0  and  1.  The  sequence 
completely  distributed  over  the  funotlon  F(x)  defined  by  Equations 
(3)  Is  a  Bernoulli-normal  sequence  of  symbols. 

4)  Let  a  >  0,  p(m)  »  (am/m!)e~*,  where  m  >  0  Is  an  Integer. 

Let  us  consider  the  following  distribution  funotlon 


f<x). 


0  x<0, 

x>0. 


(*) 


If  Sequence  (1)  Is  made  up  of  native  Integers  and  Is  completely 
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tributed  over  the  funotlon  P(x)  defined  by  Eqs.  (4) ,  we  call  euoh  a 
sequence  completely  Poisson-law  dletrlbuted. 

X  |I 

5)  Let  f (*)»^  J  e~*dt.  If  Sequence  (l)  le  completely  dletrlbuted 
—  •• 

over  this  function  F(x)  then  Sequence  (l)  is  said  to  be  completely 
Oauss-law  (or  normally)  distributed. 

§17.  Construction  of  a  Sequenoe  Completely  Distributed  With  Respect 
j—i  to  a  Function  F(xT  a 

If  there  is  a  sequence 

«»•«*•••.  .*?<•.. .  (1) 
completely  uniformly  distributed  on  the  segment  [01],  Is  Is  then 
possible  to  construct  a  sequence  completely  distributed  with  respect 
to  a  function  F(x) .  This  method  generalises  the  theorem  of  K.K.  Korobov 
(§14  of  this  study). 

Let  us  construct  a  sequenoe  of  real  numbers 

(2) 

where  Is  defined  by  the  equation 

J  * 

We  shall  prove  that  Sequenoe  (2)  Is  completely  distributed  with  re- 
speot  to  function  7(x). 

We  take  s  >  1  and  form  a  sequence  of  points  In  a  unit  oube  of  __ 

(3) 

of  points  in  s-dlmenslonal 


...»  A^)  where  - 
...»  b^  are  points 


»  s^dlaenslonal  space 

On  Qn  •••  •  Op*  ••• . 

where  Qp  -  (Op. ..  4,^^) ,  and  the  sequenoe 
spaoe 

!*»••• .  4*i  •  •  • . 

where 

take  the  parallelepiped  Ag  -  (A^1^, 
-  (a^M1)),  i-1,  2 . .  a*1*,  b<*>, 
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of  continuity  of  the  function  F(x) .  The  number  of  points  of  Sequence 
(4)  prior  to  the  Pth  number  that  lie  within  parallelepiped  A.  equals 
the  number  of  points  of  Sequence  (3)  prior  to  the  Pth  number  that  lie 
within  the  parallelepiped  Z  ■  (Z^l\  ...»  where  zU>  -  (C<*>, 

d^)*  i  -  1,  2,  ...,  s;  c^1^  -  Fa^),  -  F(bW).  But  since 

Sequence  (1)  is  completely  uniformly  distributed  within  the  unit  cube, 
when  P  this  number  is  equivalent  to 

I 

P  |A  |-PlI(P(6W)_F(«U»))»p|lA^ 

/-i 

Thus,  for  Sequenoe  (2) 


which  was  what  we  set  out  to  prove. 

§18.  Measure  in  a  Space  of  Infinite  Sequences  of  Symbols 

Ve  have  made  use  of  I. I.  Pyatetsldy'a  criteria  to  prove  that  a 
constructed  sequence  is  a  normal  sequenoe  of  symbols.  Por  constructions 
to  come,  we  shall  also  need  theorems  that  extend  the  erlterla  of 
I. I.  Pyatetskly.  There  are  difficulties  involved  in  proving  such 
theorems  by  the  method  presented  in  $4  (the  calculations  becoam  cum¬ 
bersome).  There  is  a  more  flexible  method  of  proof,  however,  based  on 
the  study  of  the  metrlo  properties  of  dynamic  systems.  In  the  follow¬ 
ing  sections,  we  shall  give  such  a  proof  for  a  Pyatetskly  criterion. 

Ve  will  require  some  information  from  measure  theory  [39].  In 
the  classical  theory  of  functions,  a  space  with  a  measure  is  a  finite- 
dimensional  Suolldean  space.  Ve  shall  use  a  different  example  of  a 
space  with  a  measure. 

Let  g  8  be  a  natural  number. 

Consider  the  set  of  all  infinite  sequences  made  up  of  the  symbols 

0,  1,  ...,  g  —  1 
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*l*t  •••*»••• 

We  call  this  set  the  space  R,  and  we  let  the  letter  £  designate 
the  elements  of  this  set. 

We  shall  consider  certain  sets  of  subsets  of  R  (following  Halmos 
[39]  we  shall  oall  suoh  sets  olasses  of  sets). 

Let  £  be  any  natural  number.  The  set  M  of  sequences  In  which  the 
first  £  symbols  6^,  ...,  are  fixed  shall  be  called  elementary 
cylinder  sets,  and  we  shall  designate  them  as  $8) .  The  space 

R  and  the  empty  set  0  are  also  elementary  cylinder  sets. 

We  note  that  two  elementary  cylinder  sets  are  either  disjoint  or 
equal,  which  will  simplify  our  study. 

.  We  call  a  set  that  may  be  written  as  a  finite  set- theoretical  sum 
of  elementary  cylinder  sets  a  cylinder  set. 

Lasnna  1.  Cylinder  sets  form  an  algebra.* 

Proof.  We  shall  first  show  that  the  intersection  of  two  cylinder 

sets  M  and  N'  Is  also  a  cylinder  set.  Let 

M-UM/,  Af'-UM* 

<  /  # 

where  M^  and  Mj  are  elementary  oyllnder  sets 

#nM'-uuM,nAi;. 

I  /  • 

But  the  M^  D  Mj  are  elementary  oyllnder  sets. 

We  shall  now  show  that  the  complement  of  a  oyllnder  set  is  a 
oyllnder  set.  We  let  CM  be  the  complement  of  the  set  M.  The  complement 
of  the  set  Mfd^...  fig)  is  a  sum  of  sets  of  the  form  Mft^...  Tg),  in 
which  Tg  form  all  possible  combinations  of  symbols  with  the  ex¬ 

ception  of  6^...  $g,  i.e.,  the  complement  is  the  sum  of  a  finite  num¬ 
ber  of  elementary  oyllnder  sets.  The  formula 

CiMtUMd-CAftnCAf,. 

is  self-evident.  From  this  formula  and  from  the  faot  that  the  inter- 
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section  of  two  cylinder  sets  Is  a  cylinder  set  It  follows  that  the 
complement  of  a  cylinder  set  Is  a  cylinder  set. 

Using  the  rule 

1-  *(*)-!;  2.  !»(0)«O;  3.  . 

r 

we  Introduce  a  function  whose  argument  Is  an  elementary  cylinder  set 
M,  u(M) .  Let  us  study  the  properties  of  this  function: 

Lemma  2.  Let  there  be  a  cylinder  set  M 

M  —  \JM{, 

where  the  are  elementary  cylinder  sets. 

There  exists  a  system  of  disjoint  elementary  cylinder  sate  Yj#  y2» 
. . . ,  yn  such  that 

l.  Mm  Ur/- 

2.  if 

3.  equals  the  sum  uYj  of  those  Yj  that  have  points  In  co— on 
with  1^. 

Proof.  Let  1^  -  . ..,  and  s  -  max  s4.  If  <  a,  we 

represent  as  a  sum  g“^l  of  elementary  cylinder  sets  in  whloh  the 

first  a  terms  coincide  with  ...,  while  the  remaining  a  — 

l  at 

—  a1  are  varied  In  all  possible  ways.  We  Include  all  of  these  sets  In 
the  system  y^*  Y2,  ...  .  If  s  ■  s4,  then  we  place  the  In  the  sys¬ 
tem  y^»  Y2>  • • •  *  On*  representative  from  each  group  of  Identical  sets 
is  left  In  the  system  of  sets  thus  obtained.  We  obtain  the  system  of 
sets  required.  In  fact,  the  sets  y^  are  disjoint.  Let  us  check  all 
the  assertions  of  the  leans  In  turn: 

1.  By  construction,  all  the  while  M-UWj. 

8.  Two  cylinder  sets  are  either  disjoint,  equal,  or  one  is  con¬ 
tained  In  the  other  (here  the  set  contained  Is  that  with  the  smaller 
number  of  fixed  symbols). 

3.  Those  Yp  ...»  Yj|  that  water  into  the  representation  of  K; 
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a  sum  gs"3i  of  elemsntary  cylinder  sets  Intersect  with  M^.  The  equa¬ 
tion  g8“*i(l/g8)  -  l/g8i  shows  that  equals  the  sum  uTj  of  those 
Yj  that  have  points  In  common  with  M^. 

Lemma  3 •  Let  { }  and  {  P  j )  be  two  finite  systems  of  elementary 
oyllnder  sets:  then 

and  the  are  mutually  disjoint.  Then 


2 1 »M/<  2  /• 

Proof.  Consider  the  sum 


Af-  UM,u/> 


We  apply  the  preceding  lemma  to  the  set  M.  Since  the  sets  are  dis¬ 
joint,  the  same  y ^  cannot  be  contained  In  two  different  .  Conse¬ 
quently  those  contained  In  11  ^  can  be  separated  Into  groups  with 
group  T^  containing  those  Yk  contained  In  Mj.  The  groups  are  dis¬ 
joint 


VpAfi — V  (2:i7* )  -  2  :*7*. 


where  T  is  the  set  of  all  Yk  contained  In  u  H^.  We  now  distribute  the 
sets  Yk  contained  in  T  among  other  groups.  In  particular,  let  be 
the  set  of  all  Yk  (contained  in  T)  that  are  contained  In  p^,  let 
S2  be  the  set  of  all  Yk  contained  in  Pg  but  not  in  P1,  and  let  be 

the  set  of  Y*  contained  in  P^  but  not  in  u  Sg . ..  .  Then: 


2wr*  <  fFh 

•i 

Since  uPj  (by  Lemma  2)  equals  the  sum  uYk  of  all  Yk  included  in  Pj. 
This  means  that 

2  +Mi -  2wr*  -  2  (2i*t*)  -  2 eV 
T  •  *! 

The  lemma  is  proved. 

Corollary.  If  some  set  M  can  be  written  as  the  finite  sum  of  dls- 


-  54  - 


Joint  elementary  cylinder  sets  in  two  ways 


then 


In  fact,  U  M^c  u  and  U  Fj  c  U  M^.  Thus  by  Lemma  3 

2  ?M‘  -  lval¬ 
ue  now  extend  the  function  m-(M)  from  elementary  cylinder  sets  to 
cylinder  sets . 

Definition:  Let  M  be  a  cylinder  set 

M  -  U  Mt. 

i 

where  U  JL  Is  the  sum  of  a  finite  number  of  disjoint  elementary  cyllrv- 
1  * 

der  sets.  We  say  that  uM  -  . 

In  view  of  the  corollary  that  has  been  proven,  this  definition  Is 
consistent . 

8 

Lemma  4.  Let  F  ■  U  where  are  disjoint  cylinder 

sets.  Then 


i  » 


Proof.  We  decompose  each  Into  disjoint  elesMntary  cylinder 


Then 


U  Mi/. 

pMtm  2)j 

Since  the  1^  are  disjoint,  the  are  also  disjoint. 

i  t 


Thus 
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(if  ■  S  uMi. 

We  shall  now  prove  that  the  function  \l,  In  a  rather  strange  form, 
Is  countably  additive. 

Lemma  5*  The  sum  of  a  countable  number  of  nonempty  disjoint 
cylinder  sets  will  not  be  a  cylinder  set. 

Proof.  Let  the  cylinder  set  P  be  the  Siam  of  an  Infinite  number  of 
nonempty  disjoint  cylinder  sets  P  ■  u  F^.  We  decompose  each  P^  Into 
disjoint  elementary  cylinder  sets.  By  Lemma  1,  CP  Is  a  cylinder  set; 
we  represent  CP  as  the  sum  of  disjoint  elementary  cylinder  sets.  We 
obtain  a  representation  for  R  as  the  sum  of  a  countable  number  of 
elementary  cylinder  sets 

Let  the  M^al^  be  those  terms  in  which  the  first  element  Is  a^ .  In 
general,  we  will  denote  by  >4*i •••*»>  those  terms  of  In  which  the 

first  k  elements  are  respectively  a1,  a2,  aj£.  Clearly, 

MU)-yMy>.  j-o.i . f— i. 

There  Is  at  least  one  J,  J  »  Jj^  such  that  the  sum  U  contains  an 

Infinite  number  of  terms.  In  addition.  It  can  be  seen  that  there  Is 
at  least  one  J2  such  that  the  right  side  of  equation 

contains  an  Infinite  number  of  terms.  We  continue  this  argument  In¬ 
definitely.  Let  a  be  the  sequence 

* *•  Jt>  ia» 

Since  a  e  R,  a  Is  contained  in  one  of  the  K^.  Let  a  be  contained  In 
nCJ^***  Js)  •  Clearly  N(J1J2. . .  J8)  is  the  only  term  in  the  sum  u 
in  which  the  first  a  symbols  are  J^,  J2,  ...,  J#.  Thus  In  the  sum 

^(/ii  /»••••.  /i)-(jA */e 

there  cannot  be  an  infinite  number  of  terms  In  the  right  side.  This 
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contradiction  proves  the  lemma. 

The  function  p  is  nonnegative,  defined  on  an  algebra,  countably 
additive,  and  p( 0)  -  0,  i.e.,  the  function  p  is  by  definition  a  measure 
([39],  page  34). 

As  we  know  (for  example,  from  [39],  page  59)  there  exists  a 
uniquely  defined  minimal  a  algebra  containing  the  algebra  of 
cylinder  sets  to  which  the  measure  p  is  uniquely  extended. 

We  will  call  the  sets  of  the  o  algebra  %  measurable.  We  call  the 
function  f(p)  measurable  if  it  takes  on  real  values  and  if  for  any 
real  £  the  set  of  points  £  in  which  f(p)  <  c  is  measurable. 

The  theory  of  the  Lebesgue  Integral  is  similar  to  the  theory 
of  functions  of  a  real  variable  (see  [40]). 

§19.  A  Dynamic  System  in  a  Space  of  Sequences  of  Terms 

We  define  the  family  of  transformations  T*,  k  -  0,  1,  ...  in  R. 

Let 

P  *“  *|#  •*•  •  •  •  • 

T*p  ■  **+!»  **+!•  •  •  • 

The  transformation  T  is  not  one-to-one.  The  oomplete  preimage  T”1  of 
a  point  £  consists  of  the  g  points  ka^tg***  aki  k  -  0,  1,  ...»  g  —  1. 

Lemma  1.  The  measure  p  is  an  invariant  measure,  l.e.,  the  com¬ 
plete  preimage  of  a  measurable  set  is  measurable,  and  pT^M  -  pH. 

Proof.  It  is  sufficient  to  show  that  for  an  elementary  oy Under 
set  H  plT^M  -  pM.  The  complete  preimage  of  the  elementary  cylinder 
set  N(62*‘«  68)  consists  of  g  disjoint  elementary  cylinder  sets 

«, «o,  1 . g— i. 

The  spaoe  R,  together  with  the  Invariant  measure  p  and  the 
family  of  transformations  T*,  forms  what  is  called  a  dynamic  system. 

A  set  M  is  called  Invariant  If  T^M  -  M.  Sets  of  all  sequence.. 
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that  ara  periodic  following  a  certain  term  are  examples  of  invariant 
sets. 


Lemma  2.  The  space  R  cannot  be  represented  as  the  sum  of  two 


measurable  invariant  disjoint  sets  with  positive  measure 


Proof.  We  assume  that  we  are  able  to  represent  R  as  the  sum  of 
two  sets  without  common  points  of  positive  measure,  R  «  We 

let  t)  -  nU^,  0  <  tj  <  1 .  Let  x(p)  be  the  characteristic  function  of  the 
set  U^.  Let  any  combination  e1e2* ••  en  of  n  terms  be  given  and  let 

P  "*  M*  •  •  • 

be  some  point  in  R.  Since  the  sequence 

•  •  • 

is  one  of  the  nth- order  preimages  of  point  £  and  is  an  invariant 

set, 

x  (m*  •  •  •  *«p)  ■*  x(p). 


me  measure  of  the  intersection  of  U1  with  the  elementary  cylinder 
set  MU,...  «J  1®  $  XW**.  Clearly 

f  Lt„ 

J «£-%>  ri  «*  «• 

Assume  c  >  0  and  1  -  tj  >  e  (both  inequalities  are  strict) .  By  a 
theorem  similar  to  the  theorem  on  accumulation  points  (see  [40], 
page  286),  the  set  U1#  as  a  set  with  positive  measure,  should  have  an 
accumulation  point 

if  ■■  t|t| ....  _ 

l.e.,  for  every  i  >  0  it  is  possible  to  find  a  6Q  such  that  whatever 
elementary  cylinder  set  A  with  uA  <  we  take  that  contains  the  point 

*0 

We  take  an  n  so  large  that  l/gn  <  6,  while  for  A  we  take  the  elementary 
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-■?! 


cylinder  set  Tn) .  On  the  one  hand 

on  the  other  hand 

nA)>(i-«)i-. 

This  yields  tj  >  1  —  e,  which  contradicts  the  condition  1  —  t)  >  e. 

This  proves  the  lemma. 

§20.  Blrkhoff-Khinchin  Theorem 

Let  R  be. a  set  of  points  and  £  the  points  in  R.  Let  |i(iiR  »  1)  be 
a  normalized  measure  defined  on  a  o  algebra  of  sets  in  R. 

Let  the  family  of  transformations  T*S  k-  0,  1,  2,  R  be 

defined  on  Itself  such  that  for  any  Integers  ky  >  0  and  kg  >  0 

7**»+*»p  -  P*(TV).  p€K- 

Generally  speaking,  we  do  not  assume  that  the  generating  trans¬ 
formation  T  is  one-to-one.  We  let  T^A  be  the  complete  pre image  of 
some  set  A. 

We  shall  assume  that  the  complete  preimage  of  every  set  of  lies 
in  2  and  that 

rT~,A  — fA 

(measure  In  variants) . 

We  shall  call  the  space  R  together  with  the  measure  u  and  the 
family  of  transformations  T*,  k  -  0,  1,  ...  a  dynamic  system. 

The  set  B  is  called  invariant  if 

T->EmE. 

If  R  cannot  be  represented  as  the  sum  of  two  disjoint  sets  (in 
%),  both  of  positive  measure,  we  then  say  that  the  dynamio  syefeem  is 
indecomposable  (or  ergodlc). 

We  shall  need  to  use  the  so-called  Blrkhoff-Khinchin  ergodlc 
theorem.  This  theorem  was  proved  by  Birkhoff  [41]  and  KhlnchinJ4?  < 
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for  the  case  of  one-to-one  transformations.  P.  Riez*  [43]  has  extended 
this  theorem  to  transformations  that  are  not  one-to-one.  The  proof 
given  in  [43]  is  concise  and  I  shall  therefore  give  it  here  in  its 
entirety. 

Theorem  (part  1).  Let  n  be  an  invariant  measure.  Let  there  be  a 
function  $(p)  that  is  absolutely. summable  over  the  measure  m-  (l.e., 
the  Integral  exists).  Then  the  limit 

n 


Proof.  We  let 


Um9ln)  +  «Tp)  +  ...  +  9(T~+P) 

Sr - ; - 

.  flm m 

IHMO  n 

Consider  a  set  of  intervals  on  the  real  line  with  rational  end 
points  (a^0n)  (this  is  a  denumerable  set).  Consider  the  set  Vn  of 
points  £  such  that  for  these  points 

m 

If  M>Vh  *  0  (n  »  1,  2...),  then  letting  V  -U  V_  we  find  that  |iV.  -  0. 

_  v  n-1 

If  p£  R  \V'  it  is  impossible  to  insert  any  Interval  with  rational 

end  points  such  as  f»(p)  -  f*(p)  between  f#(p)  and  f*(p) .  Thus  to 

prove  the  theorem,  we  must  assume  the  existence  of  the  set  VR  (l.e., 

of  the  two  rational  numbers  and  0n)  suoh  that  uVn  •  0 ,  and  this 

must  lead  to  a  contradiction.  Let  us  make  a  change  in  notation:  we 

shall  write  S  in  place  of  Vn,  and  a  and  0  in  plaoe  of  aQ  and  0n.  Thus 

S  is  the  set  with  uS  >  0  for  the  points  of  which 


We  note  that  the  set  S  is  an  invariant  set.  In  fact,  let  p'£  aT1; 
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then  p  -  Tp 1  £  S  and 

9ltf)+9lTp>)  +  ...+9(T*-iS)  m  »(/»•)  f  n-1  f (p)-j-. 


Km*  (P' ) ± * (Tff)  ±^±1  V)- jjm  li£l±. 

n-~>oo  ft— ►» 

^9(p')  +  »(7’/>,)  +  ...+?(r,|-y)_^»(p)  +  . 


We  shall  later  require  the  following  lemma: 

Lemma .  Let  n  real  numbers  a1 ,  a2,  ...»  an  and  an  Integer  m  <  n  be 
lven.  Let  us  consider  all  sums  formed  by  sequences  of  numbers  havl 


a  number  of  terms  less  than  or  equal  to  m 


<**+  fl*+i  + . . .  +  0/,  • 

that  are  greater  than  zero.  We  shall  say  that  the  numbers  In  our  se> 


uence  a,,  are  selected  If  they  figure  In  at  least  one  of  these  sums 


as  the  first  term.  The  sum  of  the  selected  numbers  will  be  greater 


than  zero. 

Proof.  Let  ak  be  the  smallest  selected  number.  Let  a^  +  ...  -f 

+  a1  be  the  shortest  positive  sum  beginning  with  a^.  Then  all  of  Its 

terms  will  be  selected  numbers,  e.g.:  a.  +  ...  +  a.  >  0.  In  fact.  If 

T1  -l 

a  +  ...  +  a.  <0,  then  since  a,,  +  ...  +  a.  >  0,  It  follows  that 
T1  ±1  ~  K1  ±1 
a^  +  ...  +  a^  >  0,  which  contradicts  the  assumption  that  a^  + 

+  ...  +  a^  is  the  shortest  positive  sum  beginning  with  a^.  Let 
a^  be  the  smallest  selected  number  larger  than  1^  and  let  a^  +  . . .  + 
+  a^  be  the  shortest  positive  sum  beginning  with  a^.  It  may  be  seen 
that  all  of  the  terms  of  this  sum  are  selected  numbers.  In  this  manner, 
we  can  find  all  the  selected  numbers.  Their  sum  will  equal 

2  • . .  +  «»,). 

This  sum  la  positive  since  every  av  +  ...  +  a.  >0.  The  lemma  is 

Ki  ±1 

proved. 

If  p£  S  there  exists  an  n  such  that 
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or 


?  (/>)  Tf  ( Tp )  4-  9 ^  p 

ft 

9  (p) —  P  +  9  (Tp)  —  P  +  ...  +  ♦  (TH~lP)  —  P  >  0. 

We  let  1  stand  for  the  smallest  of  these  values  of  n;  JL  <■  l(p) .  We 

let  8^  be  the  set  of  points  p£  8  for  which  l.(p)  <  m.  Clearly 
g(®)^~  g(nH-2). . .  and 

lim 

We  take  some  m  and  take  as  the  sequence  In  the  lemma  a  sequence  of 
n  +  in  numbers  (we  use  n  +  m  In  place  of  n) 

9  (P) — t  (7*p)  -  .  9  fT**— *p) — p. 

We  now  take  for  every  p£  8  the  sum  of  the  selected  numbers 

*»(p)(?(p)-« + ««(p)(9<rp)-p)  + . . .  +  »p)-p)>0, 

where  c^p)  la  either  0  or  1  (1  -  1,  2,  ...,  n  +  m).  integrating 
over  the  set  S,  we  find 

where  8^  designates  the  set  of  those  p£  S  for  which  ^(T^p)  -  0  is 
a  selected  number.  We  note  that  S1  -  8^.  Moreover,  when  k  <  n, 
fSjj  -  Sj^  and  Sk  -  (k  £  2) .  In  fact,  let  p  £  8^  then  there 

Is  an  1  <  a  such  that 

■9(r*-«p)-p+9(r»p)-H....+f(T*^-»p)-.p>o.  . 
but 

0  <9(T»-»p)-M- 9  (T»p)-P  + .. . +f  -P - 

-  ?(P-*rp)-p + 9<r»-*rp)-p+ . . . +f(T>-+‘rp)-p. 

Consequently  Tp  £  Slfr_1  (we  do  not  leave  8,  since  8  la  invariant) . 

Thus  TSkC  Sj^.  Moreover,  let  p'£  Sj^.  We  take  any  preimage 
£  of  point  p';  p'  ■  TP#  p£  T^S^. 

But  since  p'  =  Tp  this  expression  will  equal 
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^  9<P-'P)  +  f(T*p) + . . .  +  f  (P-i+'-p), 

i.e.,  p£  Sk.  Thus  T^S^d  sfc*  This,  together  with  TS^ClSj^, 
proves  the  statement. 

In  view  of  this  statement  and  the  invariance  of  the  measure  ix  we 
obtain 

1 1 

—if  -»+*• 

'  2  S (*(r*-‘P)-»4i-*  \  (f0»)-p)^  + 

*-i  i*  /-> 

n+m 

+  2  j(f(r~p)-»*.  . 

we  may  write  (in  view  of  J (*(T*-»p)— p)<fn <  j"  Wp)— P | dp)  the  inequality 

l#>0. 

Thus  (as  n  approaches  infinity) 


But  since  llmS 


l#t«| 


<m)  -  S, 


Moreover,  if  p  £  S,  there  exists  an  n  such  that,.  ,  - 

.  .  —  // 

vig)+tcry)+...+f(r-v>)^, 

« 

or 

«— t  W +  •— f  (frt +  f  (T*-»rt  >  0. 

Repeating  the  entire  argument  we  obtain 

l.e.,  ouS  >  P*juS. 

Since  i*3  >  0,  a  >  p,  which  contradicts  the  assumption  that  p  >  a. 
The  theorem  is  proved. 
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$(p)  -  Um  .T l&il (£gl •* T . 

A— >00  A 

The  function  y(p)  is  defined  nearly  everywhere  on  R.  We  note  that  the 
function  y(p)  is  absolutely  summable  with  respect  to  the  measure  u. 

In  fact, 

2  9CrkP)\d?  I  ?(p)  :  *.> 

(this  last  by  the  invariance  of  the  measure) .  Prom  this  and  from 
Patou's  theorem  ([40],  page  155)  It  follows  that  jjl$(p)ldp  exists. 
From  this  we  conclude  that  y(p)  is  finite  almost  everywhere. 

Let  us  prove  a  lemma. 

Lemma.  For  any  e  >  0,  a  &  can  be  found  such  that  for  any  set  A 
with  uA  <  6  and  for  any  n  >  1 

Proof. 

J|t2  2$  i  t(T*p  i  fa 

Let  TT^A  be  the  complete  let h- order  preimage  of  set  A.  Making  a  change 
In  variables,  we  obtain 

nT^A  -  uA.  Since  the  function  <p(p)  Is  absolutely  Burnable,  for  •  >  0 
there  exists  a  6  >  0  such  that  as  soon  as  »B  <  6,  ^|v(AI#<**  Making 
use  of  this  fact,  we  find  that 

The  lemma  Is  proven.  We  also  note  that  by  Patou's  theorem,  it  will 
also  be  true  that 

_ ...  _ 


Let  ue  prove  the  last  assertion  of  the  theorem.  We  have 

«  >«o  n 

We  set  e  >  0  and  for  the  number  e  end  the  function  ?(p)  we  select  a 
6  In  accordance  with  the  lemma.  On  the  basis  of  the  Lebesgue  theorem 
([40],  page  106)  for  the  numbers  e/3  and  6  there  exists  a  nQ(e/3»  6) 
such  that  for  n  >  n^ 


»£,  (|  *<p)— Tj*Cr‘P>|>7)<** 

For  n  >  we  evaluate  the  difference: 

<1  *w-t2V«L< 

*  I  I 


<Jm  |  ♦«-  T  SfCT*p)]^+^  l  tw  I  + 


•-» 


f  T  S 


4*<7+7  +  7-« 


(the  first  Inequality  Is  obtained  from  the  construction  of  Rp,  the 
second  Is  a  consequence  of  the  lemma,  and  the  third  Is  obtained  from 
the  lemma) .  Thus 


but 


Since  the  complete  preimage  (of  any  order)  of  R  Is  ft  Itself 


St(r,p)dp-|tW‘*i». 

Hence 
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The  theorem  is  proved. 

Theorem  (part  2) .  If  a  dynamic  system  is  indecomposable  with 
respect  to  a  measure  u  then  for  nearly  all  points  p  £  R  (with  respect 
to  the  measure  n) 

f(Hm  mtfPflt;" 

Proof.  It  is  sufficient  to  show  that  y(p)  is  constant  almost 
everywhere.  In  fact,  let  y(p)  -  c  nearly  everywhere;  then  by  the  first 
part  of  the  theorems  c  - 

cv&- 

But  uR  -  1.  Thus  which  we  also  need. 

We  shall  prove  that  f(p)  is  constant  nearly  everywhere.  We  let  M 
be  the  upper  bound  on  the  function  f(p)  calculated  with  an  accuracy 
of  up  to  the  set  of  measure  zero,  i.e.,  uEp(*(p)  >  M)  ■  0,  while  for 
any  «  >  0  u£p(y(p)  >  M  —  *)  >0,  we  let  m  be  the  lower  bound  on  the 
funotlon  y(p),  calculated  with  an  accuracy  of  up  to  the  set  of  measure 
zero.  We  must  show  that  M  ■  m.  We  assume  that  K  /  m,  i.e.,  let  there 
be  an  a  such  that  m  <  a  <  M.  By  definition  of  M,  tiSp(f  (p)  >  a)  >  0 
(the  inequality  is  strict)  and  by  the  definition  of  m 

•  i*  >  »)>-  *£,(♦«<•)>  0. 

But  the  set  Ep(*(p)  >  a)  and  Ep(f(p)  <  o)  is  Invariant.  This  follows 
from  the  fact  that  the  sums 

ft 

and 

»(l»+f(T7»+ . . .  +t(T-»») 

■ 

differ  by  an  expression  of  the  order  of  0(l/n)  for  nearly  all  j>.  Thus 
R  has  been  decomposed  into  the  sum  of  two  invariant  sets  of  positive 
measure,  vhlch  contradicts  the  hypothesis. 
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§21,  Proof  of  the  Normality  Criterion  for  Sequences  of  Symbols  on 
A  the  Basis  of  the  Birkhorf1  theorem  3  * 

We  shall  now  prove  the  normality  of  sequences  of  symbols  by  the 

following  method,  based  on  the  Blrkhoff  theorem.  We  note  that  the 

Idea  underlying  the  proof  of  §4  also  underlies  this  proof.  Here  the 

Blrkhoff  theorem  plays  a  role  similar  to  that  played  by  Lemma  1,  §4. 

We  shall  prove  a  lemma  similar  to  the  Kelly  lemma  ([40],  page  240). 

Lemma  1.  Let  there  be  given  some  fixed  sequence  made  up  of  the 

symbols  0,  1,  ...»  g  -  1, 

■  ■  tiit . . 

There  exists  a  sequence  of  natural  numbers 

such  that  for  any  elementary  cylinder  set  the  limit 


Um 


* 


exists . 


Proof.  We  may  label  all  of  the  elementary  cylinder  sets  dg» 


The  numbers  N^dJ/n  lie  on  the  segment  [01].  Since  these  numbers 
form  a  bounded  set,  we  can  find  a  subsequence  of  numbers  suoh  that 
11m  Nn  (d^)/nn  exists;  we  call  this  limit  ild^.  We  select  the  con¬ 
vergent  sequence  N  (AgJ/n^,  whose  limit  we  designate  ildg,  from  the 

*i  ff  ju 

set  of  numbers  Nn  (dg)/*^) .  We  note  that  gm  ■ , *>.  »  We  con- 

11 

tlnue  to  choose  sequences  (n^J  such  that 

gm-SpLd  /—  I.  j . i. 

"it 


We  now  put  together  a  diagonal  sequenoe  of  numbers  n^  -  n11#  n^  ■ 

-  n oo,  ...  .  It  is  clear  that  Um for  any  J. 

**  »».•.  "i 

We  note  that  id?  «  1.  We  note  further  that  we  can  extend  the 
function  u  to  all  cylinder  sets  and  that  this  function  will  porse* ■  a 


complete  additivity.  In  short,  we  can  introduce  the  measure  TT  Into 
R. 


Let  us  now  prove  the  criteria.  Let  the  sequence 


«  ■  0|,  Of,  «],•.>  (l) 

satisfy  the  hypothesis  of  the  criterion. 

We  assume  that  this  sequence  is  not  normal.  This  means  that  there 
exists  an  elementary  cylinder  set  and  a  sequence  of  integers  n^, 
rig,  . . . ,  n^,  . . .  and  a  number  e  >  0  such  that 


'  »* 


p9R 


>«■ 


By  Lemma  1  of  this  section,  there  exists  a  sequence  n^  such  that 
for  any  cylinder  set  A 

lim  — i - -pA. 


exists.  Thus, 

*a<*>  .  a» 

X  X  +  X  ‘  ‘  *  ^  *' 

i.e.,  ]Za  is  an  invariant  normalized  measure  in  a  dynamic  system. 
We  let  be  the  set  of  all  sequences  |>  for  whloh 

By  the  Blrkhoff  theorem  (part  two)  we  obtain 


pdR*-l. 

when  we  take  the  characteristic  function  of  the  set  %  for  v(p)  and 
make  use  of  the  lndeeomposablllty  with  respect  to  the  measure  u. 
This  has  as  its  consequence 


Um 

*•» 


•  1. 


In  fact,  let  Cjfe>  be  the  complement  of  flfc*  in  R.  This  will  be  the 
measurable  set  uCSp  -  0,  since  as  is  required  by  the  criterion 


68 


cvn 


<C|*C«*-0. 


~X-»»  ~X~ 

We  once  again  make  use  of  the  Birkhoff  theorem.  The  lemma 

x-»  A 

exists  for  almost  all  £  with  respect  to  the  measure  IT.  But 


jt-*«  x 


and  this  means  that 


*V-  X 

for  almost  all  £  with  respect  to  the  measure  ?. 

We  make  use  of  the  Lebesgie  theorem  ([AO],  pages  106  and  108) 

(if  a  functional  sequence  converges  nearly  everywhere  with  respect 

to  the  measure  ]Z,  it  will  then  also  converge  with  respect  to  the 

measure,  ii),  applying  it  to  the  sequence  of  functions 

x(rt+x(T>)-K..+xfrV)  S„{p.  «o  .  .  r 
H  •  H  »  91— l9  2|«Mf 

where  x(p)  is  a  characteristic  function  of  the  set  9t  Applying  another 
of  the  Lebesgue  theorems  ([40],  page  139)  to  this  functional  sequence 
and  remembering  that  **^”*<1  11X1(1  ,  we  eonolude  that: 

i-™  i  ^  \  fSRifc—rXX. 

But  by  the  invariance  of  u 

Thus,  sat-  k*. 

In  particular,  this  means  that 


VP 

lim  -2 — mfM t 


But 


%<*> 


-pH 
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The  contradiction  proves  the  criterion. 

§22.  Dynamic  System  Corresponding  to  the  Simplest  Markov  Chain 

Let  there  be  given  two  nonnegative  numbers  Pq  and  p^  which  we 
shall  call  "initial  probabilities,"  and  four  nonnegative  numbers, 
whioh  we  shall  oall  transition  probabilities 

( Pm 

\Pu  Pn)  • 

where 

We  shall  assume  that  the  statlonarlty  conditions 

Pt»'mPtPn’\‘P»Pi»t 

Pti^PiPti+PiPir 

are  valid  (it  is  clear  from  this  that  pQ  -f  p1  >  1). 

We  shall  construct  a  dynamic  system  similar  to  that  constructed 
by  us  in  §19. 

The  spaoe  R  is  a  space  of  infinite  sequences  made  up  of  the 
symbols  0  and  1.  We  shall  oall  an  elementary  cylinder  set  a  subset 
of  R  if  some  number  of  the  first  eysfl>ola  among  Its  elements  are  fixed 
We  shall  use  Mffi}...  6,)  to  designate  an  elementary  oyllnder  set. 

We  introduce  a  function  defined  on  elementary  cylinder  sets 

1.  pO<m o. 

As  in  $18,  we  introduce  the  notion  of  a  oyllnder  set  and  prove 
that  cylinder  sets  form  an  algebra.  In  the  analog  of  Lemma  2-oT-fl8y~ 
the  proof  of  the  third  point  is  more  cumbersome:  those  Yj...  Yjj 
generated  in  N  intersect  the  A^) .  They  are  elementary 

oyllnder  sets  of  the  form  A^...  A^tj***  t,  f 


i  i 

2  2- 


I 

V 


»-»r 


...p  ■ 
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-p,wp, (/),<« . . .  P,  (*?> ...*{?) 

(since  2 

We  now  construct  the  measure  u.  on  the  minimum  a  algebra  that 
contains  the  class  of  cylinder  sets. 

We  define  the  family  of  transformations  T^,  k  ■  0,  1,  ...  In 
R.  If  p  -  then 

T*P‘m**+  !**+»••• 

Clearly 

T*‘+*p-Tk‘(T*A 

for  any  Integers  and  kg  >  0.  The  transformation  T  Is  not  one-to-one. 
Lemma  1.  The  measure  u  Is  an  Invariant  measure. 

Proof.  The  complete  preimage  of  the  set  Mffij...  6g)  consists  of 
M-^Ofij...  6a)  and  MgCl^...  a8).  1^  and  Mg  are  disjoint 
sAfi+pMi-AAiA*.  •  •  •  JV-**,+PiPw1Pi,v  •  • 

“*x**v-  /V»  (PW^+P^tJ-PijH  •  •  -PS_»S  (£+%,<£+%,)  " 

•PhPHV  •  • 

(in  view  of  the  fact  that  P10P0d  +  PqiPi*  "  *1-6, 6, ) * 

1  1  IX 

Lemma  2.  Let  the  elements  of  the  matrlxL^  be  positive. 

The  space  R  cannot  be  represented  as  the  sum  of  two  Invariant  disjoint 
sets,  both  with  positive  measure,  R  -  TJj  U  tig* 

Proof.  Let  us  assume  that  we  are  able  to  represent  R  as  the  sum 
of  two  invariant  sets  with  positive  measure,  not  having  common  points, 

R  »  OjU  tig.  We  let  tj  -  nOj,  0  <  t)  <  1.  Let  x(p)  *•  the  characteris¬ 
tic  function  of  set  U1.  Let  there- be  a  combination  *n  and  let 

a  »  6]6g. . .  be  some  point  In  R.  Since  the  sequence 


*i*i  •  •  •  •*$ A  •  •  . 


-n 


Is  one  of  the  nth- order  preimages  of  point  j>,  and  Is  an  Invariant 
set, 

*<«  »**’••  •  •«•)-* 

The  measure  of  the  Intersection  of  and  the  elementary  oyllnder 
set  M(e1e2*«*  cn)  will  equal 

Let  T'  be  a  transformation  mapping  R  Into  MCc^eg***  •  Carrying  out 
the  inverse  transformation  we  obtain 

,  . 

*h<g— *  • 

where  6^  is  the  first  symbol  of  a.  Thus 


We  let 


end  tjg  are  Independent  of  n  and  Nts]^*.*  t^) 

dm 

Since  ^  +  Tia  -  q  <  pQ  +  Pi  -  1»  one  of  the  inequalities  ^  <  pQ  and 
tj2  <  P2  stripped.  Thus 

^*  +  -^-L%<Pw*+Pw»-1 
(the  inequality  is  stripped).  Thus 

where  V  is  strlotly  less  than  sons  p  <  1  and  is  independent  of  n 
and  K(si...  en).  By  the  hypothesis  of  the  lensa  M(s1...  a^)  4  0. 

Thus 
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i  i 


Ve  assume  that  e  >  0  and  1  -  p  >  %.  in  analogy  with  the  accumu¬ 


lation-  point  theorem,  the  set  Up  being  a  set  of  positive  measure, 
should  have  an  accumulation  point 


i.e.,  for  any  e  >  0  It  is  possible  to  find  a  6Q  such  that  for  any 
elementary  cylinder  set  A  containing  for  which  ua  <  6Q 

^  9 

(here  we  make  use  of  the  restriction  that  the  matrix  elements  be  . 
positive).  Ve  choose  an  n  so  large  that  for  any  cylinder  set  M  ■  ( k 1# 
Kn) ,  pM  <  6q,  and  we  take  the  set  A  -  tr)  for  A.  Ve  then 

have 


I fl  A)<«tA 


and 


This  yields  p  >  1  —  «,  which  contradicts  the  hypothesis.  This  swans 
that  our  assumption  was  erroneous,  and  the  leone  is  proved. 

§23.  Markov- Normal  Sequences 

Let  £  be  a  natural  number.  Consider  any  s- tuple  made  up  of  the 
symbols  0  and  1,  A  -  *,)•  quantity  Pg  P^  5  ••• 

will  be  designated  as  uA. 

Let  there  be  an  Infinite  sequence  made  up  of  symbols  0  and  1 


(1) 


As  previously,  we  fora  for  any  natural  number  £  the  sequence  of 
tuples 

Ve  let  Kp(o,  A),  or  slaply  Np(a),  stand  for  the  number  of  times  a 
combination  A  appears  prior  to  the  Pth  element  of  Sequence  (2) . 


Definition.  We  call  the  sequence  of  symbols  (1)  Markov- normal 
If  for  any  natural  number  s  and  any  combination  of  s  terms  the 
limit 


exists. 


lint- 

fi-m 


Theorem.  Let  there  be  a  sequence 

(3) 

such  that  there  exists  a  constant  C  such  that  for  any  s  and  any  coro- 
blnation  a. 

""  . .  B 

Then  Sequence  (3)  is  Markov-normal. 

The  rest  of  the  proof  follows  without  changing  the  proof  of  the 
theorem  In  $21. 

$24.  Construction  of  Markov- Normal  Sequence  of  Symbols 

The  construction  of  a  Markov-normal  sequenoe  of  symbols  given 
here  Is  taken  from  [21]. 

Let  there  be  a  sequence  of  Integers 

for  which 

-^—1+0(7), 

and  for  sequences  of  positive  Integers  a01^'  a10^'  all^'  for 

which  the  relationship 

C+C-*. 

C+tff-*, 

holds,  while  when  r 

•m  «£» 

?c:'  ench  r,  we  consider  the  auxiliary  Markov  chains  having 
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transition  probabilities 


and  initial  probabilities  that  satisfy  the  conditions 

4?-iTC+rfV S?. 

f  %*\ 

We  let  u'  '  be  the  corresponding  measure.  For  any  combination  A 

p<'>A~|iA-t-o(l),  r-* oo. 


We  let  sr  be  the  sequence  of  all  r-dlgit  numbers  in  the  binary 
system  (including  numbers  beginning  with  zero);  each  number  A  will  be 
repeated  (a^  +  a^pJ^M.^A)  times.  When  the  r-dlgit  numbers  are 
written,  we  shall  separate  them  by  apostrophes. 


Theorem.  The  sequence  of  symbols  written  symbolically 


Is  Markov- normal . 

Proof.  It  Is  sufficient  to  show  that  there  exists  a  constant  c 
that  for  any  s  >  1  and  any  combination  Ag  -  (fijdg***  *t)  of  s  terns 

r 

We  make  the  following  definitions: 

Xj,  Is  the  number  of  symbols  0  or  1  In  sr; 

Sr  Is  the  sequence  s^Sg...  sr; 

t 

X,  Is  the  number  of  symbols  0  or  1  in  Sr, 

gr  is  the  number  of  occurrences  of  Ag  in  sr; 

0_  Is  the- number  of  occurrences  of  A.  In  S„. 

T  o  T 

Let  us  evaluate  sr.  We  know  that  each  r-digit  nusber  contains 
r  symbols  and  is  repeated  +  '°01^r""1,4^Ar  tiaM*  ®»*ns 

that 
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(the  sum  is  taken  over  all  combinations  Ay  and  thus  V 


We  let  E 


(ii  It  •  •  •  h  \ 
■  •  vj 


be  the  number  of  sequences  in  which  we  find 

<r>  t.  an 


ei  in  the  i1#t  place,  ^  in  the  i2nd  place,  eto.  Slnoe  u'  '  la 
invariant  measure ,  when  i1  >  1 

A  combination  A„  may  enter  into  s„  either  separated  or  not 
s  r 

separated  by  apostrophes.  If  r  <  s,  A.  cannot  enter  Into  s_  unseparated. 

a  r 

Where  r  >  s,  Afi  enters  into  sr  undivided  exac  t  ly  (r — *+ 1)  £“*  (a'*1*  aJi*) ^a, 
times.  In  fact,  there  are  exactly  r  —  s  +  1  ways  in  whloh  a.  can  ocoupy 
an  unseparated  position  in  an  r- digit  number:  The  first  term  A.  may 
coincide  with  the  first,  second,  ...  (r  —  s  +  l)th  symbol  of  the  r- 
digit  number.  Plxing  the  kth  position,  we  find  that  there  exist  in 
8_ 


_ _ 

*  !  -*C4«SVW(»;;:*) 

r-digit  numbers  in  which  AB  can  occupy  this  position. 

Thus  As  is  contained  undivided  in  sr  exactly^ —4+i)p 
times,  and  sr  contains  (•&'+««) Pr"*  apostrophes.  A  given  apostrophe 
cannot  separate  more  than  a  different  Ag.  Thus  A#  enters  undivided  into 
8r  no  more  than  times  (since  r  increases,  s_  may 

involve  a  constant). 

Thus 


Since 

^A,-^A,+*(1), 

then 
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Br~XfvAt+0(X,). 


Moreover 

/ 

0r-i>ik+0(ft  X,-2**. 
*•1  M 

We  obtain _ 


™  Vl  i  P  <  *r 


r-mAr 


N> (At) <  0,.  X_, >(r- 


X,  l 

£7*7 


C+Ci-VQ-u  -grrjx- 


Since 


i*  ’T^T 

1+0(7)  And  <Zl+_^L_Pl#+pw>o  (strictly!), 

.  l 

T,’ 


jlm  ^  <CUm 

The  criterion  is  satisfied  and  the  theorem  proven. 

§25.  The  Dynamic  System  in  the  Theory  of  Continued  Ft* at ions 

We  assume  the  well-known  theory  of  continued  fractions  (see  [44]) . 
We  take  for  R  the  set  of  infinite  sequences  of  natural  numbers. 


Let 


.  •  • 

be  some  infinite  sequence  of  natural  numbers.  We  compare  the  natural 
irrational  number 


with  this  sequence.  This  number  lies  within  the  segment  [01]. 

Let  S  be  toms  set  of  sequences,  and  B'  the  corresponding  set  tf 
irrational  numbers  on  the  Interval  [01].  We  will  let  £(txv..  h 
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the  set  of  sequences  defined  by  the  feet  that  their  elements  conteln 
e1  In  the  i15t  position,  *  . ..,  In  the  i2nd  position,  end  In 
the  igth  position,  if  ). then  *'  ooneletp  of  lrretlonel  numbers 

from  the  lntervel  ,  where  p^/q^  end  pg/q#  ere  the  next- 

to-lest  end  lest  eonvergents  of 


t 


[the  feet  thet  the  lntervel  is  written  es  ( p‘ )  mey  leed  to  the 
Incorrect  es  sumption  thet  it  Is  always  the  eese  thet  » 

actually,  the  dlreotion  of  the  lnequellty  depends  on  the  perlty  of  sj . 

We  oell  the  set  S  meesureble  if  the  set  S'  Is  meeeureble.  We  use 
mes  B  to  denote  the  Labes  pie  meesure  of  set  B1.  We  let  uB  stend  for 
the  number 


•  if** 

Clearly, 

tf-Rljlfe-1* 

Moreover,  it  Is  oleer  thet 

TS«T  8MS£<p£<g£}MS&  (1) 

We  define  In  R  the  feally  of  treneformetlons  [T*,  k  •  0,  1,  3,  . . . 
If  P  ■  then  l^p  ■  Oj^jCj^jej^j*  •  •  • 

Cleerly 

< 

We  let  T"3*  be  the  eoaplete  prelmege  of  set  B  for  the  transformation 
T.  . 


Lemma  1.  The  measure  »  is  an  invariant  meesure  In  a  dynamic 


system. 

Proof.  We  need  to  prove  that  ttTr"1E  -  nE. 

It  clearly  is  sufficient  to  show  that  this  relationship  is  true 
of  the  set  E  for  which  the  corresponding  set  E*  is  a  set  of  irrational 
numbers  from  the  segment  [Oa]  (Pig.  2).  The  complete  preimage  of  the 
Interval  (Oa),  as  we  can  see  from  the  drawing,  consists  of  the  in¬ 
finite  masher  of  Intervals 


(ikOGfer)--.- 

The  equation 


-  7 


1**!  2  L10*  (l  +t) — fc*  0  +<nh)]* 


tml 


t£$r 

proves  the  lemma. 

A  special  case  of  this  lemma  is 

represented  by  the  statement:  when  1^  >  1 

-£/**  U  •••  l$  \ 

Vs  VV 


1  /t*~  1 ...  1\ 

s  s  —  s  )' 


The  lemma  given  below  was  proved  by  X.  Knopp  [45] . 

Lemma  2.  The  space  R  cannot  be  represented  as  the  sum  of  two 
invariant  sets  with  positive  measure. 

Proof.  In  view  of  Inequality  (1)  we  need  to  establish  that  R 
cannot  be  represented  as  the  sum  of  two  invariant  sets  of  positive 
Lebesgue  measure.  Let  us  assusw  that  we  are  able  to  do  this:  R  —  (J 
(Ju2.  Then  the  set  of  irrational  numbers  within  the  Interval  [01]  is 
decomposed  into  the  sum  of  two  sets  (J  U£.  Let  q  -  mes  U£.  The  ce 
U|,  being  a  set  of  positive  measure,  has  an  accumulation  point  •• 
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i.e.,  for  e  -  (1  -  tj)/(1  +  tj)  >  0  there  exists  a  6  such  that  if  E' 
Is  an  Interval  containing  with  mes  E  <  6,  then 


Let 


*. - L 

«i+r 


We  take  for  E1  the  Interval  consisting  of  musters  that  have  the  first 
Incomplete  portions  c^...  oR  of  length  less  than  6.  Let  this  be 
the  interval  We  let  x(x)  be  the  oharaoterlstlo  function 


of  the  set  UJ. 
The  number 


»- 


«»+ 


x 

%1* 


w+e. 


i 


+*T3 

la  one  of  the  preimages  of  the  number  x.  Thus 

It  is  dear  that  aw*  (£*ntQ -joe  (*)<<*•  Thus 


-  *(+— t + fu)|  x(*)  . 

Since  (q^x  +  q^8  increases  as  x  goes  up,  the  Interval  can  only 
increase  if  we  assusM  that  S'  Is  the  interval  (Oq). 

W+t  ^  t+n  _ 

—  *  *  80  * 


7 


which  contradicts  ^  >1  — The  lemma  Is  proved. 

§26.  Normal  Continued  Fraction 

Let  b  he  a  natural  number.  Consider  any  s-tuple  consisting  of 
natural  numbers  A  -  ( 6-  5g . . .  <5a) .  Let  A*  be  the  set  of  all  Irrational 
numbers  In  the  Interval  [01],  and  let  the  beginning  of  their  decom¬ 
position  Into  a  continued  fraction  be 


i‘+srr 


We  define 

►A-*A'- Glairs* 

Let  there  be  an  Infinite  sequence  consisting  of  the  natural  numbers 

cic«e«...  (1) 

We  take  any  natural  number  £  and  write  Sequence  (1)  as  a  caterpillar: 

•  •  (2) 

We  let  Np(A)  denote  the  number  of  times  the  combination  A  *  (dad^...  d#) 
Is  encountered  prior  to  the  Pth  position  of  Sequence  (2) . 

Definition.  We  call  the  sequence  of  natural  numbers  (1)  a  normal 
continued  fraction  If  for  any  natural  number  s  and  any  combination 
A  -  ( dj . . .  6B)  of  £  terms  composed  of  natural  numbers  the  limiting 
relationship 


holds . 


Um 


»*<■) 


We  shall  need  the  following  theorem. 

Theorem.  Let  there  be  the  sequence 

(3) 

such  tl  there  exists  a  constant  c  such  that  for  any  s  and  any 
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combination  ■  ( 6^ ... of  a  terms 

S^<c,.ft;Tc;v-  (4>~ 

Then  Sequence  (3)  is  a  normal  continued  fraotlon. 

Proof.  Let  (4)  be  valid.  Slnoe 

the  relationship 

IfiJT^coA. 

holds . 

Ve  call  the  set  of  sequences  whose  first  £  terms  are  fixed  an 
elementary  cylinder  set.  The  set  of  all  elementary  cylinder  sets  is 
denumerable.  We  can  repeat  the  proof  used  for  the  theorem  of  §21. 
§27.  Construction  of  a  Normal  Continued  Fraction 

We  present  here  the  construction  of  a  normal  continued  fraotlon 
due  to  A. a.  Postnlkov  and  I. I.  Pyatetskly  [21]. 

We  shall  need  the  following  notation: 

Let  s1,  Sg...  be  groups  of  natural  numbers 

*i  “  Cu  •  •  •  *»"*«•••  c*«.» •  • 

We  let 

(■Mi... 

be  a  sequence  of  natural  numbers 

■  Cytfu * 

We  introduce  the  notation:  1,  r  are  natural  numbers  l,-**  and 
r  «•  but  r/1  —  0;  s£~)  is  a  row  consisting  of  all  r-dlglt  groups 
Sj^Sg...  ar  where  1  <  <  i*  ...  1  <  l*r  <  l(a1#  *2*  •••»  mr  *r* 

natural  numbers);  here  SjSg...  ap  is  repeated  [ l*  mm e(  ** )| 

times.  These  r-dlglt  groups  are  separated  from  each  other  by  apos¬ 
trophes.  The  order  of  these  groups  within  the  row  Is  unimportant. 

We  note  that 
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i.e.,  the  combination  a^a^ . . .  ar  is  actually  found  In  s£— ^ . 
matter  of  fact. 


since  It  Is  easily  shown  by  Induction  that 

,(1) 


Moreover,  we  let  y^,A/  be  the  number  of  groups  In  _r 
It  Is  clear  that 


f?1"  2  ...  2) W'+'P'nmE (  ■ f  Jj _ 

2~  j&vmBt  ’**•••  M+0(»% 

Ml  l,«l 


r(l) 


Let  U£±'  be  the  complement  of  the  set 


U  ...  U  £( Af ***') 

*•1  •i"!  \*A  •••■?/ 

It  la  clear  that 

•’’-JW) u  (A,3..*(w))  «&&&•( «?)) 

Since  (see  [44],  page  78) 

■rtUtvV/,)«c-,llfcS)f 


and,  dearly. 


i-i+i 


then 


As  a 
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But 


irE(i.)  0  w  '“i*- 

since  r/l-+  0.  Clearly 

2  /..•  i  nrn  B{  l**<r  Wbm0m«*1. 

A  a, -I  \ai...Ofl  ' 

Therefore 

2  ...2  nwBf1  i+o(l). 

a,«i  a,-t  '«!  •••Of/ 

We  thus  obtain 

yW  _  2*r+'/»’  + o(2*'/*r). 

Let  x£i^  be  the  number  of  numbers  In  a£— ).  It  is  easy  to  see  that 
-  ry(-},  and  It  follows  from  this  that 

*</>  -  rt»r+,f»'  + 

Next  let 

idler#  1  <a^<  X,  J  ■  1,  2,  ...  p  (the  top  and  bottom  Inequalities 
oannot  be  realised),  X  and  p  are  fixed. 

We  let  q£-)  be  the  number  that  shows  how  many  times  A  Is  found 
In  s£~) .  The  combination  A  may  be  contained  In  s^i)  separated  or  not 
separated  by  apostrophes;  there  are  r  -  p  +  1  ways  In  which  A  can  be 
contained  In  any  group  without  separations  the  first  term  of  A  may 
coincide  with  the  first,  second,  ...,  (r  —  p  +  l)th  term  of  the 
group.  Thus  the  quantity  sought  will  equal 


2  ...2  |V+»P'sms£(1,-->H'1..-'\]  + 

W.. **♦»..  */ 1 

*  &&•••  U*"'  + 

— +i  ••  i ~  1  - 
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•  2  ...2me*£(l  p+lm,,r  W...+ 

'•j+i-i  «7-»  •••*'' 

+  2***  E  me»£(1”,r“'*r“~*  +  l,,,MWo(rl'-«)< 

•T-i  «t...  «,// 

<2»+»/»-(  v  ...  2  me»£(12 p+1,**r  V+ 

'•#+!"*  *7-i  '*«**•••*»  / 

...+  2  •••  2  me»£(1,,,r  —  *  P+ + 

*-»  *%...*-*  «»...  V 

+  0(r^■♦)-2•'+Wlm*£(,2•,*,  )  +  n»£f23,,,>+,)  + 

\  \t|S|  .  •  •  tp/  \l|lg  •  «»lf  / 

+ .. .  .£  ('■'+l.v;;))  +<x*-* 

Because  of  the  lhvarlance  of  the  measure 

»*  ( ) — • •  -»*  ('T v4)  • 

Thus'  the  quantity  solved  will  be  less  than  or  equal  to 

<Craw»|rIMt£(ji>  *•••£  )  +  0(rT-i)< 

Let  us  determine  how  many  times  a  may  be  contained  divided  In 
s£-' .  There  are  y£— ^  -  4iJ/r  apostrophes  In  s^ .  Any  given  apostrophe 
cannot  separate  more  than  p  different  groups.  We  shall  thus  have  at 

-Ml 

most  -£..pao(x"n  possibilities. 

Let  1-1*  2...  .  Ve  cet  r  *  [In  1]  +  1.  Clearly  r/jL-*  0  when 

*  %  0  m  a  *.  ^ 


1  —  *> ,  Wo  denote  a^  s Imply  by 


s<A> 


and  consider  the  sequence 


«-*«*»*» 

We  shall  show  that  this  Is  a  normal  continued  fraction. 
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We  Introduce  the  notation: 

Is  the  number  of  symbols  In  s^j 
g^is  the  number  of  appearances  of  A  ■  Ap  In  s^j 
is  the  row  s^M2)...  s^j 
X^  Is  the  number  of  terms  In  . 

Clearly 

XM. *«>  +  *«  +  . ..  +  *«>. 

^  Is  the  number  of  occurrences  of  A  in  S^— ^ . 


Since 


/ 


WS  #*  +  0(1). 
*-» 


f*« < C*« amE (**  •”*  )  +  o&n), 

we  obtain 


*“*  M, 

#f^(A)<CX»sw£(^*;;^)+e(X^ 

Let  X^  <  P  <  X^i+1) .  We  have: 

*#<*»  ^cx<'^l,-"#(ii'.’/s)  +*t***"> 

■< -  t^r*- - 


Since 


and  since 


then 


Thus 


// 


r“E  WC 


^Ci 
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IUn 


The  criterion  for  a  normal  continued  fraction  Is  satisfied. 
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NOTES 


page  4  .  Relohenbaoh  [46]  deals  with  this  subject. 

Copeland  [47]  gives  some  Idea  of  the  importance  aU;;.-.-/-  ~  1  © 
numbers  for  problems  in  which  the  frequency  is  given  geometrically. 
There  is  a  summary  of  the  application  of  random  and  pseudorandom 
numbers  given  in  [48].  This  class  of  problems  is  also  referred  to  in 
[49]. 

O 

page  16.  A. 0.  Postnikov  [52]  put  Champemowne's  construction 
Into  geometric  form  and  constructed  a  complex  number  a  +  fil  such  that 
the  fractions  ((a  4-  Pi) (a  +  bl)x),  x  »  1,  2,  3...,  are  uniformly  dis¬ 
tributed  (here  a  +  bi  is  the  fixed  Oausslan  integer,  differing  from 
•1,  1,  1,  — i) .  A.M.  Polosuyev  [53]  also  developed  a  method  for  the 
case  in  which  there  are  restrictions  on  an  £- order  Integer  matrix 
A,  and  constructed  a  vector  5  such  that  the  fractions  {oAx} ,  x  -  1, 

2,  3...*  Are  uniformly  distributed  in  a  unit  cube  in  n-dimenslonal 
space. 

Normal  periodic  systems  have  been  used  to  obtain  very  good  re¬ 
mainder  terms  in  a  problem  dealing  with  the  uniform  distribution 
of  fractional  portions  of  an  exponential  function.  N.M.  KorObov  [36] 
constructed  a  system  of  real  numbers  o^,  ...,  ag  such  that  for  any 
s  and  any  system  of  natural  numbers  larger  than  one,  g^,  ...,  g#, 
the  condition 

m  Pam  A  4. 0 

(the  constant  in  "0”  depends  on  &)  will  hold  for  the  number  of 


occurrences  of  point  {(o^g^}...  {a8g*})  within  any  parallelepiped  a 
lying  within  a  unit  cube  with  sides  parallel  to  the  coordinate  axes. 

A.O.  Postnikov  [54]  has  constructed  a  real  number  a  for  which 
the  condition 


holds . 


Np(b)mmP  me*  A  4-  0 


/jlZ^loglogp) 

) 


N.M.  Korobov  has  solved  several  problems  in  which  the  problem  of 
constructing  numbers  a  for  which  fractions  {ag*},  x  -  1,  2,  . ..,  are 
uniformly  distributed  occurs  as  a  special  case  [55-57].  The  methods 
of  proof  in  these  papers  are  based  on  using  evaluations  of  various 
types  of  trigonometric  sums.  A  study  of  A.M.  Polosuyev  dealt  with  a 
generalization  of  one  of  the  results  [58]. 

We  should  take  note  of  N.M.  Korobov's  study  evaluating  the  sums 
of  fractional  portions  of  an  exponential  function  [59] .  Finally, 

N.M.  Korobov  has  Investigated  a  solution  to  Inhomogeneous  Dlophantlne 
inequalities  with  exponential  functions  [36] . 

^  page  59  We  shall  apply  the  Birkhoff-Khinchin  theorem  to  a 
dynamic  system  in  a  space  of  sequences  of  symbols.  In  this  problem, 
we  can  reduce  the  case  of  transformations  that  are  not  one-to-one  to 
transformations  that  are  one-to-one,  thus  eliminating  the  need  for 
using  the  Reis  theorem. 

We  compare  with  each  infinity  in  the  sequence  of  real  numbers 
made  up  of  the  symbols  0  and  1, 


H  *•*»••• 

with  the  sequence,  infinite  in  both  directions. 


• .  <•  I*  •§»..  1 


in  which 


1.  <>0. 
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We  define  a  group  of  one-to-one  transformations  on  the  set  of  se¬ 
quences  of  symbols,  infinite  in  both  directions,  by  means  of  the 
equation 

T* (.  .  •  l—i  *1  •••)"••  •  I  •••> 

k  -  ...  —1,  0,  1,  2...  .  An  investigation  of  dynamio  systems  in  a 
space  of  sequences  of  symbols  infinite  in  one  direction  is  reduced 
to  studying  a  dynamic  system  in  a  space  of  sequences  of  symbols  in¬ 
finite  in  both  directions. 
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